HL Paper 2

A particle can move along a straight line from a point O. The velocity v, in ms™

1

measured in seconds.

a.

Write down the first two times ¢1, t2 > 0, when the particle changes direction.

b. () Find the time t < t2 when the particle has a maximum velocity.

C.

(i) Find the time t < t2 when the particle has a minimum velocity.

Find the distance travelled by the particle between times t = t; and t = t.

Markscheme

t1=1.77(s) (=7 (s) and t,=2.51(s) (: Van (s)) A1A1

[2 marks]

. () attempting to find (graphically or analytically) the first tax ~ (M1)

t=1.25 (s) (:\/g(s)) A1

(i) attempting to find (graphically or analytically) the first ¢,,;,  (M1)

t=2.17(s) <: @ (s)) A1

[4 marks]

distance travelled = ‘ f12757026 1— e sinf’qy (or equivalent)  (M1)

=0.711 (m) A1

, is given by the function v(t) = 1

— €

— sint?

where time t > 0 is

2]

[4]

[2]

Note: Award M1 for attempting to form a definite integral involving 1 — e~ sint’ To award the A1, correct limits leading to 0.711 must include the

use of absolute value or a statement such as “distance must be positive”.
In part (c), award ATFT for a candidate working in degree mode (5.39 (m)).
[2 marks]

Total [8 marks]

Examiners report

[N/A]

b'_ IN/A]

C

IN/A]



Consider the function f(z) = 2% — 322 — 9z + 10,z € R.

a. Find the equation of the straight line passing through the maximum and minimum points of the graph y = f(z) . [4]

b. Show that the point of inflexion of the graph y = f(z) lies on this straight line. (2]

Markscheme
a. f'(z)=322—-6z—9(=0) (M)

(z4+1)(z—-3)=0
r=-1,xz=3
(max) (—1, 15); (min) (3, —17) Al1Al

Note: The coordinates need not be explicitly stated but the values need to be seen.

y=-8x+7 Al N2
[4 marks]

b. f"(z) =6z —6 =0 = inflexion (1,-1) A1

which liesony = -8z +7 RIAG
[2 marks]

Examiners report

a. There were a significant number of completely correct answers to this question. Many candidates demonstrated a good understanding of basic

differential calculus in the context of coordinate geometry whilst other used technology to find the turning points.

b. There were a significant number of completely correct answers to this question. Many candidates demonstrated a good understanding of basic
differential calculus in the context of coordinate geometry whilst other used technology to find the turning points. There were many correct

demonstrations of the “show that” in (b).

Let f(z) = z* +0.22% —5.822 —z +4, z € R.
The domain of f is now restricted to [0, a].
Let g(x) = 2sin(z — 1) — 3, —g+1<m<§+1.

a. Find the solutions of f(z) > 0. [3]



b. For the curve y = f(z).

()  Find the coordinates of both local minimum points.

(i) Find the x-coordinates of the points of inflexion.

c.i. Write down the largest value of a for which f has an inverse. Give your answer correct to 3 significant figures.

c.iiFor this value of a sketch the graphs of y = f(z) and y = f~!(z) on the same set of axes, showing clearly the coordinates of the end points

of each curve.
c.iSolve f1(x) = 1.
d.i.Find an expression for g‘l(x), stating the domain.

d.iSolve (f 1o g)(z) < 1.

Markscheme

a. valid method eg, sketch of curve or critical values found  (M1)

T < —224, x > 224, A1
-1<z<08 A1

Note: Award M1A1AO for correct intervals but with inclusive inequalities.

[3 marks]
b. () (1.67, —5.14), (—1.74, —3.71) A1A1

Note: Award A1AO for any two correct terms.

i) f'(z) = 42® + 0.6z2 — 11.6z — 1

f'(z) =1222 +1.22 —11.6 =0 (M1)

~1.03, 0.934 A1A1

Note: M1 should be awarded if graphical method to find zeros of f” () or turning points of f'(x) is shown.

[5 marks]
c.i.1.67 At

[2 marks]

c.ii. (0,4)

(-5.14, 1.67)

" . 0) M1A1A1

5 (1.67,-5.14)

(5]

2]

[2]

2]

(4]

4]



Note: Award M1 for reflection of their y = f(z) in the line y = x provided their f is one-one.
A1 for (0, 4), (4, 0) (Accept axis intercept values) A7 for the other two sets of coordinates of other end points

[2 marks]

ciic = f(1) M1
- 16 A1
[2 marks]

di.y =2sin(z — 1) — 3
z=2sin(y—1)—-3 (M1)
(97 H=z) =) arcsin(%ﬁ) +1 A1
-5<z< -1 A1A1

Note: Award A7 for -5 and -1, and A1 for correct inequalities if numbers are reasonable.

[8 marks]
diif ! (g(z)) < 1
g(z) >—-1.6 (M1)
z>g 1(-1.6) =178 (A1)

Note: Accept = in the above.

L8 <z < 5+1 A1A1
Note: A7 forz > 1.78 (allow 2) and Af forz < 5 + 1.

[4 marks]

Examiners report

a. Parts (a) and (b) were well answered, with considerably less success in part (c). Surprisingly few students were able to reflect the curveiny =

satisfactorily, and many were not making their sketch using the correct domain.

b. Parts (a) and (b) were well answered, with considerably less success in part (c). Surprisingly few students were able to reflect the curve iny =

satisfactorily, and many were not making their sketch using the correct domain.

c.i.Parts (a) and (b) were well answered, with considerably less success in part (c). Surprisingly few students were able to reflect the curveiny =

satisfactorily, and many were not making their sketch using the correct domain.

c.ii.Parts (a) and (b) were well answered, with considerably less success in part (c). Surprisingly few students were able to reflect the curve iny = x

satisfactorily, and many were not making their sketch using the correct domain.

c.iiiParts (a) and (b) were well answered, with considerably less success in part (c). Surprisingly few students were able to reflect the curveiny = x

satisfactorily, and many were not making their sketch using the correct domain.
d.i.Part d(i) was generally well done, but there were few correct answers for d(ii).

d.iiPart d(i) was generally well done, but there were few correct answers for d(ii).



a. Given that 223 — 3z + 1 can be expressed in the form Az (332 + 1) + Bz + C, find the values of the constants A, B and C.

223 —3z+1
d

b. Hence find [ ——

Markscheme

a. 2x373m+1:A$(m2+1)+B$+C’

A=2, C=1, A1
A+B=-3=B=-5 A1
[2 marks]

223 —3z+1 o 5z 1
b. [~ —dz= f(2a; — =t _x2+1>dw Mim1

Note: Award M1 for dividing by (z? + 1) to get 2z, M1 for separating the 5z and 1.

— 2 _ gln (22 + 1) + arctanz (+c)  (M1)A1A1

5z
2241’

Note: Award (M1)A1 for integrating A1 for the other two terms.

[5 marks]

Examiners report

o INA
b, [N/A]

The graphs of y = z2e ® and y = 1 — 2sin z for 2 < = < 7 intersect at points A and B.

The x-coordinates of A and B are x and zg.

a. Find the value of z, and the value of xp.

b. Find the area enclosed between the two graphs for zp < z < zp.

Markscheme

a z, =287 Al

zp = 6.78 Al
[2 marks]
6.77681K . 9 =z
b. [y ermx 1 — 2sinz —ze “dz  (MD)(AD)
=6.76 Al

Note: Award (M1) for definite integral and (A1) for a correct definite integral.

2]

(5]

[2]

(3]



[3 marks]

Examiners report

o INA
b, [N/A]

A particle moves in a straight line, its velocity v ms ™! at time ¢ seconds is given by v = 9t — 3t2, 0 < ¢ < 5.

At time t = 0, the displacement s of the particle from an origin O is 3 m.

a. Find the displacement of the particle when t = 4. [3]

b. Sketch a displacement/time graph for the particle, 0 < ¢t < 5, showing clearly where the curve meets the axes and the coordinates of the [5]
points where the displacement takes greatest and least values.

27t

c. Fort > 5, the displacement of the particle is given by s = a + b cos R such that s is continuous for all t > 0. [3]
Given further that s = 16.5 when t = 7.5, find the values of a and b.
d. Fort > 5, the displacement of the particle is given by s = a + b cos 2t such that s is continuous for all t > 0. [4]

5

Find the times ¢1 and t2(0 < ¢1 < t2 < 8) when the particle returns to its starting point.

Markscheme

a. METHOD 1

s = [(9t —3t2)dt = 22 — t3(+c)  (M1)
t=0,s=3=c=3 (A1)
t=4=s=11 A1

METHOD 2

s=3+ [ (9t —32)dt (M1)AT)
s=11 A1

[3 marks]



C

d

'\J\.

20 1 MAK (3, 65 )
el

5 \/I.LP-E,#».IC)

]

5 | . >

Y J e 2 o \5

I'L Mind (5, =15 )

— /o '

correct shape over correct domain A1

maximum at (3, 16.5) A7

t intercept at 4.64, s intercept at 3 A1

minimum at (5, —9.5) At

[5 marks]
. —9.5=a+bcos2r

16.5 =a+ bcos3mr (M1)

Note: Only award M1 if two simultaneous equations are formed over the correct domain.

7
a=3 A1
b=-13 A1
[3 marks]
. attg:

3+22-3=3 (M1)

£(3-t)=0

th=3 A1

solving % — 13 cos %rt =3 (M)
GDC =1t, =6.22 A1

Note: Accept graphical approaches.
[4 marks]

Total [15 marks]

Examiners report

a

IN/A]
" IN/A]
" IN/A]
IN/A]



The following graph shows the two parts of the curve defined by the equation x2y =5— y4, and the normal to the curve at the point P2, 1).

e

Y
il

a. Show that there are exactly two points on the curve where the gradient is zero.
b. Find the equation of the normal to the curve at the point P.
c. The normal at P cuts the curve again at the point Q. Find the z-coordinate of Q.

d. The shaded region is rotated by 27 about the y-axis. Find the volume of the solid formed.

Markscheme

a. differentiating implicitly: M1
2xy + m2j—z = —4y3j—z A1A1
Note: Award A1 for each side.
if g—z = O theneitherz =0ory=0 M1A1
z = 0 = two solutions for y (y = i\“/g) R1

y = 0 not possible (as 0 #5) R1
hence exactly two points  AG
Note: For a solution that only refers to the graph giving two solutions at = 0 and no solutions for y = 0 award R only.

[7 marks]

[7]

(5]

(3]

[7]



dy

b. at@ 1) 4+45% — —45L My
dy 1
@~ "7 A

gradient of normal is 2 M1
1=4+c (M1)
equation of normalisy = 2 —3 A1

[5 marks]

C. substituting  (M1)

+3\ 2
x2(2m73):57(2m73)4or<y7) y=5—-y* (A1)
r=0.724 A1

[3 marks]

d. recognition of two volumes  (M1)

e 4
volume 1 = 7 [¥* 2L dy (= 101w = 3.178...)  M1A1A1

5*@/4

Note: Award M1 for attempt to use wfmzdy, A1 for limits, A7 for 7

Condone omission of 7 at this stage.
volume 2

EITHER

= 2mx 22 x4(=16.75...) (M1)(A1)

OR

2
=nfl (%3) dy (: Mor _ 16.75...) (M1)(A1)
THEN
total volume =19.9 A1

[7 marks]

Examiners report

IN/A]
IN/A]
IN/A]
IN/A]

o oo

a. Find [zsec’zdz.

b. Determine the value of m if [ zsec’zdz = 0.5, where m > 0.

Markscheme

a. f:csec%da: —ztanx — fl X tanxzdx MIAI

= ztanz + In|cos z|(+c) (= ztanz — In|secz|(+c)) MIAI

(4]

2]



[4 marks]

b. attempting to solve an appropriate equation eg mtanm + In(cosm) = 0.5 (M1)

m=0.822 Al

Note: Award A1 if m = 0.822 is specified with other positive solutions.

[2 marks]

Examiners report

a. In part (a), a large number of candidates were able to use integration by parts correctly but were unable to use integration by substitution to
then find the indefinite integral of tan x. In part (b), a large number of candidates attempted to solve the equation without direct use of a GDC’s
numerical solve command. Some candidates stated more than one solution for m and some specified m correct to two significant figures only.

b. In part (a), a large number of candidates were able to use integration by parts correctly but were unable to use integration by substitution to
then find the indefinite integral of tan x. In part (b), a large number of candidates attempted to solve the equation without direct use of a GDC’s

numerical solve command. Some candidates stated more than one solution for m and some specified m correct to two significant figures only.

T

The curve y = e ® — x + 1 intersects the x-axis at P.

(a) Find the x-coordinate of P.

(b) Find the area of the region completely enclosed by the curve and the coordinate axes.

Markscheme

x T

(a) Either solvinge™ — z 4+ 1 = 0 for x, stating e™® — z 4+ 1 = 0, stating P(x, 0) or using an appropriate sketch graph. M1

x=128 Al NI
Note: Accept P(1.28, 0) .

1.278...

(b) Area= |

(e —z+1)de MIAl
=118 Al NI

Note: Award M1A40A1 if the dx is absent.

[5 marks]

Examiners report

This was generally well done. In part (a), most candidates were able to find x = 1.28 successfully. A significant number of candidates were

awarded an accuracy penalty for expressing answers to an incorrect number of significant figures.



Part (b) was generally well done. A number of candidates unfortunately omitted the dx in the integral while some candidates omitted to write

down the definite integral and instead offered detailed instructions on how they obtained the answer using their GDC.

The functions f and g are defined by

flz) = ez—|—2e z’ zeR
g(z) = e’”;e w, zeR
Let h(z) = nf(z) + g(z) wheren € R, n > 1.
Lett(z) = %7
a. () Show that - f(z);g(z) - []

In3 1

(i) Use the substitution u = e” to find J; dz. Give your answer in the form mva where a, b € 7.

4f(z)—2g(z) b
b. () By forming a quadratic equation in e?, solve the equation h(z) = k, where k € R™. [8]
(i)  Hence or otherwise show that the equation h(x) = k has two real solutions provided that k > /n? —land k € R*.

[f()]*~[g()]?

o () Showthat /() = —— )]f for z € R. [6]

(i) Hence show that ¢'(z) > 0 for z € R.

Markscheme

1

a. (i) 4($)72<$> (M1)
= e AV
= e AT
== AG

(i) u=e"=du=¢e"dzr A1
e” _ 1
f—e2’”+3 dz = f—u2+3 du M1

(whenz =0, u =1andwhenz =1In3, u = 3)

3
3 1
1A uz—%du[%arctan(%)}l M1A1

(_ [%arctan( jgﬂ Lng)

™3 ™3
9 18

(M1)

™3
= 15 A1

[9 marks]



b. () (n+1)e* —2ke® +(n—1)=0 M1A1

2kt /A —A(n?—1)

T

¢ = —%wm M

wzln(L 7”“) M1A1
n+1

(i) for two real solutions, we require k > vk —n?+1 R1
and we also require k> —n>+1>0 R1
B>n2-1 A1

=k>vn2-1(keR") AG

[8 marks]
c. METHOD 1
t(z) = e
¢ e i Yo
(:E) B (e”—e*z)2
elte T 27 ef—e T 2
o EE

= AG
[f(@))?
METHOD 2
t'(z) = w M1A1
[f()]

lo(=)]*

. Al
[£(=)]

g'(z) = f(z) and f'(z) = g(z) gives t'(x) = 1 -

(i) METHOD 1
[£(z)]* > [g(z)]? (or equivalent) M1A1
[f(2)]" >0 Rt
hencet'(z) >0, x € R AG
e’ e’ e’—e ® z

Note: Award as above for use of either f(z) = —— and g(z) = —5—ore® + e “ande” —e .




METHOD 2
[#(z)]” — [g(z)]® = 1 (or equivalent) M1A1
[f(z)]>>0 R1

hencet'(z) >0, z € R AG

Note: Award as above for use of either f(z) = e“;eﬂ and g(z) = et;fz ore” +e Tande® —e ",
METHOD 3

/ _ 4

o) = b

(6" +e7)° >0 MIA1

4
T >0 A

hencet'(z) >0, z € R AG

[6 marks]

Examiners report

a.

Parts (a) and (c) were accessible to the large majority of candidates. Candidates found part (b) considerably more challenging.

. . . 1 _ e
Part (a)(i) was reasonably well done with most candidates able to show that Fo) @) — &3
v

used the required substitution to obtain f mdaj = f u%%du but then thought that the antiderivative involved natural log rather than arctan.

In part (a)(ii), a number of candidates correctly

Parts (a) and (c) were accessible to the large majority of candidates. Candidates found part (b) considerably more challenging.

In part (b)(i), a reasonable number of candidates were able to form a quadratic in e® (involving parameters n and k) and then make some progress
towards solving for e* in terms of n and k. Having got that far, a small number of candidates recognised to then take the natural logarithm of both
sides and hence solve h(z) = k for x. In part (b)(ii), a small number of candidates were able to show from their solutions to part (b)(i) or through
the use of the discriminant that the equation h(z) = k has two real solutions provided that k > v/k> —n? + land k > v/n? — 1.

Parts (a) and (c) were accessible to the large majority of candidates. Candidates found part (b) considerably more challenging.

It was pleasing to see the number of candidates who attempted part (c). In part (c)(i), a large number of candidates were able to correctly apply
either the quotient rule or the product rule to find t’(a:). A smaller number of candidates were then able to show equivalence between the form of
t'(z) they had obtained and the form of ¢'(z) required in the question. A pleasing number of candidates were able to exploit the property that
f'(z) = g(z) and ¢'(z) = f(z). As with part (c)(i), part (c)(ii) could be successfully tackled in a number of ways. The best candidates offered
concise logical reasoning to show that ¢'(z) > 0 for z € R.

Find the gradient of the tangent to the curve z*y? = cos(my) at the point (-1, 1) .

Markscheme

METHOD 1

3a2y? + 2%y — —msin(my) L AIAIAL

At

dy

@ =

(-1,1),3-2¥ =0 Mi141

3
5 Al

[6 marks]



METHOD 2
Sty? 1 2%y — wsin(r) L ALALAL

dz
dy 322y?
dr — —wsin(ry)—2a3y Al
2 2
At(-1,1), ¥ - SCUM 3 ry4g

' & T Tremm2(-1°() 2

[6 marks]

Examiners report

d

A large number of candidates obtained full marks on this question. Some candidates missed 7 and/or % when differentiating the trigonometric

function. Some candidates attempted to rearrange before differentiating, and some made algebraic errors in rearranging.

Consider the function f(z) = 2sin®z + 7sin2z + tanz — 9, 0 < z < 7.

Let u = tanx.

a.i. Determine an expression for f’(m) in terms of x. 2]
a.iiSketch a graph of y = f'(z) for 0 < z < 3. [4]
a.iiifind the z-coordinate(s) of the point(s) of inflexion of the graph of y = f(z), labelling these clearly on the graph of y = f/(z). 2]
b.i.Express sin z in terms of p. [2]
b.iiExpress sin 2z in terms of w. [3]
b.iiHence show that f(z) = 0 can be expressed as u® — Tu? + 15u — 9 = 0. 2]
c. Solve the equation f(ac) = 0, giving your answers in the form arctan k where k € Z. [3]

Markscheme

ai. f'(xz) = 4sinx cos x + 14 cos 2z + sec’z (or equivalent)  (M1)A1
[2 marks]
b )

a.ii.204

154

A1A1A1A1

b= -2 1




Note: Award A1 for correct behaviour at x = 0, A1 for correct domain and correct behaviour for x — % A1 for two clear intersections with x-
axis and minimum point, A7 for clear maximum point.

[4 marks]
a.iz = 0.0736 A1

r=113 A1
[2 marks]

b.i.attempt to write sin  in terms of w only  (M1)

. _ u
sinx = Wisera
[2 marks]
.. 1
b.icosz = Wiee (A1)

ttempt t in 2z = 2si (:2 CH— ) M1
attempt to use sin 2z SIn & cos T T Vi (M1)
2u

sin 2z = T

[3 marks]
b.ii2sin?z + 7sin 2z + tanz — 9 = 0

2u? 14u .
1+u? + 1+u? tu—9 (_ 0) M1

20+ 14u+u(1+u?) —9(1+u?)
1+u?

ud —Tu?+15u—9=0 AG

= 0 (or equivalent) A1

[2 marks]
c.u=1loru=3 (M1)

x = arctan(l) Af1

x = arctan(3) A1
Note: Only accept answers given the required form.

[3 marks]

Examiners report

a.i. VAl
ailNVA
aiit VAl
b.i.[NA]
b.il VAl

b.iit /Al

c. [N/A]



A function f is defined by f(z) = %(ex +e?),zeR

a. (i) Explain why the inverse function f 1 does not exist.

(i)  Show that the equation of the normal to the curve at the point P where = In 3 is given by 9z + 12y — 91n 3 — 20 = 0.
(iii)  Find the x-coordinates of the points Q and R on the curve such that the tangents at Q and R pass through (0, 0).

b. The domain of f is now restricted to > 0.

(i)  Find an expression for f~1(z).

(ii)  Find the volume generated when the region bounded by the curve y = f(z) and the lines z = 0 and y = 5 is rotated through an angle

of 27 radians about the y-axis.

Markscheme

a. (i) either counterexample or sketch or

recognising that y = k (k > 1) intersects the graph of y = f(z) twice
function is not 1 — 1 (does not obey horizontal line test)

so f~! does not exist AG

(i) f'(z)=g(e" —e*) (AD
f(ln3) = 3 (=1.33) (4D
m = —% Ml
f(n3) = 2 (= 1.67) Al
EITHER

5
V3 3
m—lr::3 = 1 M1
dy— 2 =-3z+3mn3 Al
OR
3= 3m3+c Mi
3 4
c= g + %ln3

y= —%w—l—%-&-%ln?» Al
12y =—-924+20+9In3

THEN

9z + 12y —9In3—-20=0 AG

(iii) The tangent at (a, f(a)) has equationy — f(a) = f'(a)(z — a).

f'(a) = i@ (or equivalent) (A1)

a
a _ e'+e @
- a

attempting to solve fora (M1)
a==+1.20 AlAl
[14 marks]

b. 1) 2y=e"+e "

e’ —e” (or equivalent) A1

e?® —2ye® +1=0 MIAIl

R1

Mli

(MI)

Note: Award M1 for either attempting to rearrange or interchanging x and y.

2
o — 2yt 4y —4
2

¢ -yt -1

T = ln<yi \/y2——1> Al
Fi(z) = 1n<$ + \/m) Al

Al



Note: Award A1 for correct notation and for stating the positive “branch”.

() V=nf (1n(y n \/ﬁ))2dy (MI)(AI)

Note: Award M1 for attemptingtouse V =7 fcd z2dy.

=37.1 (units®) Al
[8 marks]

Examiners report

a. In part (a) (i), successful candidates typically sketched the graph of y = f(z), applied the horizontal line test to the graph and concluded that

the function was not 1 — 1 (it did not obey the horizontal line test).

In part (a) (ii), a large number of candidates were able to show that the equation of the normal at point P was 92 + 12y —9In3 — 20 = 0. A
few candidates used the gradient of the tangent rather than using it to find the gradient of the normal.

Part (a) (iii) challenged most candidates. Most successful candidates graphed y = f(z) and y = zf'(x) on the same set of axes and found the
x-coordinates of the intersection points.

b. Part (b) (i) challenged most candidates. While a large number of candidates seemed to understand how to find an inverse function, poor algebra
skills (e.g. erroneously taking the natural logarithm of both sides) meant that very few candidates were able to form a quadratic in either e® or

evy.

Engineers need to lay pipes to connect two cities A and B that are separated by a river of width 450 metres as shown in the following diagram.
They plan to lay the pipes under the river from A to X and then under the ground from X to B. The cost of laying the pipes under the river is five

times the cost of laying the pipes under the ground.

Let EX = z.
* 1000m >
E 5 X Ground B
450m
River
A

Let & be the cost, in dollars per metre, of laying the pipes under the ground.
(a)  Show that the total cost C, in dollars, of laying the pipes from A to B is given by C' = 5k+/202500 + 22 + (1000 — z)k.
(b) (i) Find &5
(ii))  Hence find the value of x for which the total cost is a minimum, justifying that this value is a minimum.
(¢) Find the minimum total cost in terms of &.
The angle at which the pipes are joined is AXB = 6.
(d) Find 6 for the value of x calculated in (b).

For safety reasons 6 must be at least 120°.



Given this new requirement,
(¢) (i) find the new value of x which minimises the total cost;

(il)  find the percentage increase in the minimum total cost.

Markscheme
(2 C=AXx5bk+XBxk M1
Note: Award (M) for attempting to express the cost in terms of AX, XB and £.

= 5k+/450% + z2 + (1000 — z)k Al
= 5k+/202500 + 22 + (1000 — )k AG

[2 marks]
. dc 5x2x _ _ 5z N
b O F =k [2\/202 500+a2 1} =k <V202 500122 1) MiAl

Note:  Award M1 for an attempt to differentiate and A1 for the correct derivative.

(ii) attempting to solve % =0 Ml
5

V202 500+z2 =1 (AI)_
z = 91.9 (m) (: 5V (m)) Al
METHOD 1

for example,
atz =919 = —0.00895k <0 M1

atz = 929 = 0.001506k > 0 A1
Note:  Award M1 for attempting to find the gradient either side of z = 91.9 and 41 for two correct values.

thus x = 91.9 gives a minimum AG

METHOD 2

d’c _ 1012500k

@ . 3z
(224202 500)2

da?

atz = 91.9% =0.010451k >0 (MDAl
Note: Award M1 for attempting to find the second derivative and A1 for the correct value.

2
Note: If % is obtained and its value at x = 91.9 is not calculated, award (M1)A1 for correct reasoning eg, both numerator and denominator

are positive at x = 91.9.

thus z = 91.9 gives a minimum AG

METHOD 3

Sketching the graph of either C versus x or % versus x. M1

Clearly indicating that x = 91.9 gives the minimum on their graph. A1
[7 marks|

(©) Chin = 3205k Al



Note:  Accept 3200%.
Accept 3204%.

[1 mark]

(@) arctan( gremer ) = 78.463K° M1

180 — 78.463K = 101.537K
=102° Al
[2 marks]

. . ° . 450
(¢) (i) when8=120°, z =260 (m) (\/g (m)) Al
133.728K

(i) 33045107685k
=417 (%) Al
[3 marks]

x 100% MI

Total [15 marks]

Examiners report

IN/A]

The line y = m(z — m) is a tangent to the curve (1 — z)y = 1.

Determine m and the coordinates of the point where the tangent meets the curve.

Markscheme

EITHER

y= % :y’:—lg MiAl
(1-2)

solve simultaneously M1

1
1-z

1
(1-z)

11 1
-z = (1) <$ (1—x)2) Al

= m(xz — m) and s =m

Note: Accept equivalent forms.

1-zP-z(1l-2)>+1=0,z#1

z=165729...= y= o = —1.521379...

tangency point (1.66, —1.52) A1A41
m = (—1.52137...)2 =2.31 Al
OR

(I-=z)y=1
m(l—z)(z—m)=1 Ml

m(z —z2 —m+mz) =1



ma® —z(m+m?)+ (m*+1) =0 Al
2 —4dac=0 (M)
(m+m?)? —4m(m? +1) =0

m =231 Al
substituting m = 2.31... intomz? — z(m +m?) + (M2 +1)=0 (M)
=166 Al

1
Y= e — 192 Al

tangency point (1.66, —1.52)
[7 marks]

Examiners report

Very few candidates answered this question well but among those a variety of nice approaches were seen. This question required some organized
thinking and good understanding of the concepts involved and therefore just strong candidates were able to go beyond the first steps. Sadly a few

good answers were spoiled due to early rounding.

The diagram below shows a circle with centre at the origin O and radius r > 0.

A point P(z , y) , (x > 0, y > 0) is moving round the circumference of the circle.

Letm = tan (arcsin y) .

T

3
(a) Given that % = 0.001r, show that CL_T - (10 :2y2) )

(b) State the geometrical meaning of %—T .

Markscheme



dm dm dy
(a) FT* T Gy @ M1)

/
— 2 Y Y r
= SecC (arCSIH T) X (arCSIH T‘) X 1000

- L X —— X (or equivalent) AIAIAI

r
cos? (arcsin ;) v\ 2 1000

1

e
2

= ﬁ (or equivalent) A1
10°4/ (r2—y?)

3
= r AG NO
( 10+/72—y2 )

(b) %—7? represents the rate of change of the gradient of the line OP A1

[7 marks]

Examiners report

Few students were able to complete this question successfully, although many did obtain partial marks. Many students failed to recognise the

difference between differentiating with respect to ¢ or with respect to y . Very few were able to give a satisfactory geometrical meaning in part (b).

The cubic curve y = 8z + bz + cx + d has two distinct points P and Q, where the gradient is zero.

(a) Show that b > 24c.

(b)  Given that the coordinates of P and Q are (%, — 12) and (— %, 20) respectively, find the values of b, cand d .

Markscheme

@ L =2422+%z+c (Al
24x2 +2bx +c=0 (MI)

A= (20 —96(c) (A1)

46 — 96c >0 Al

b2 > 24c AG

1 1
(b) 1+3b+ict+d=-12
64+b+c=0
—27+ 2b—3c+d=20

54 —3b+c=0 AlAlAl



Note: Award A1 for each correct equation, up to 3, not necessarily simplified.
b=12,c=-18,d= -7 Al

[8 marks]

Examiners report

Many candidates throughout almost the whole mark range were able to score well on this question. It was pleasing that most candidates were

aware of the discriminant condition for distinct real roots of a quadratic. Some who dropped marks on part (b) either didn't write down a sufficient

number of linear equations to determine the three unknowns or made arithmetic errors in their manual solution — few GDC solutions were seen.

Richard, a marine soldier, steps out of a stationary helicopter, 1000 m above the ground, at time ¢ = 0. Let his height, in metres, above the ground be

given by s(t). For the first 10 seconds his velocity, v(¢)ms !, is given by v(t) = —10t.

a. () Find his acceleration a(t) for t < 10.

(i)  Calculate v(10).
(i)  Show that s(10) = 500.

b. Att = 10 his parachute opens and his acceleration a(t) is subsequently given by a(t) =
1 dt

Given that &£ — —, write down ! in terms of v.
dv dv dv
dt

c. You are told that Richard’s acceleration, a(t) = —10 — 5v, is always positive, for ¢ > 10.
1 98
Hence show thatt = 10 + gln<m).

d. You are told that Richard’s acceleration, a(t) = —10 — 5v, is always positive, for ¢ > 10.
Hence find an expression for the velocity, v, for ¢ > 10.

e. You are told that Richard’s acceleration, a(t) = —10 — 5v, is always positive, for ¢ > 10.
Find an expression for his height, s, above the ground for ¢t > 10.

f. You are told that Richard’s acceleration, a(t) = —10 — bw, is always positive, for t > 10.

Find the value of ¢ when Richard lands on the ground.

Markscheme

a. () a(t)=%=-10(ms?) Af

(i) t=10=v=-100 (ms!) A7
(i) s= [—10tdt = —5t*(+c) M1A1
s =1000fort =0 = c=1000 (M1)

—10 — 5v, t > 10.

[6]

(1]

(5]

2]

(5]

[2]



s = —5t2 41000 A1
att =10, s =500 (m) AG

Note: Accept use of definite integrals.
[6 marks]

dt 1
T dv T (—10-50) A1
[1 mark]

. METHOD 1

t=[ ﬁdv = —%ln(—l() —5v)(+¢c) M1A1

Note: Accept equivalent forms using modulus signs.

t =10, v=—100

10 = —$1In(490) + ¢ M1

1
c=10+ £In(490) A1
1 1
t=10+ zIn490 — zIn(—10 — 5v) A1
Note: Accept equivalent forms using modulus signs.
t=10+1n(5) 4G
5 —2—v
Note: Accept use of definite integrals.

METHOD 2

1 1 1 1
t= fmdvz —Efmdvz —3111‘2+’U|(+C) M1A1

Note: Accept equivalent forms.

t =10, v = —100
10 = —zIn|-98/ +c M1

Note: If In(—98) is seen do not award further A marks.

c=10+In98 A1

t=10+ +In98 — 1In[2 +v| AT

Note: Accept equivalent forms.



t =10+ éln(%) AG

Note: Accept use of definite integrals.

[6 marks]

 5(t—10) =In —2_

(=2-v)
% — e 5100 yq)
v=—2-98 (710 A1
[2 marks]

ds __ —5(t—10

S = —2—98e5(t-10)

s=—2t+ 2e 5t 10(1k)  M1A1

att =10, s =500 = 500 = —20 + 2 + k= k = 500.4 M1A1

s=—2t+ e %710 15004 A1

Note: Accept use of definite integrals.

[5 marks]
t=250fors =0 (M1)A1

[2 marks]
Total [21 marks]

Examiners report

a.

Parts (i) and (ii) were well answered by most candidates.

In (iii) the constant of integration was often forgotten. Most candidates calculated the displacement and then used different strategies, mostly
incorrect, to remove the negative sign from —500.

. Surprisingly part (b) was not well done as the question stated the method. Many candidates simply wrote down % while others seemed unaware

d .
that d—: was the acceleration.

Part (c) was not always well done as it followed from (b) and at times there was very little to allow follow through. Once again some candidates

started with what they were trying to prove. Among the candidates that attempted to integrate many did not consider the constant of integration

properly.

. In part (d) many candidates ignored the answer given in (c) and attempted to manipulate different expressions.

Part (e) was poorly answered: the constant of integration was often again forgotten and some inappropriate uses of Physics formulas assuming
that the acceleration was constant were used. There was unclear thinking with the two sides of an equation being integrated with respect to

different variables.

Although part (e) was often incorrect, some follow through marks were gained in part (f).



The curve C'is defined by equation zy — lny =1, y > 0.

d
a. Find % in terms of = and y. (4]

b. Determine the equation of the tangent to C at the point (%, e) [3]

Markscheme

dy

dy 1 .
a. y+$£*§a—0 M1A1A1

Note: Award A1 for the first two terms, A7 for the third term and the 0.

dy y

Az~ T1-ay A1

Note: Accept —

Note: Accept

[4 marks]

—e?z — y + 3e = 0 or equivalent  Af1
Note: Accepty = —7.39x + 8.15.

[3 marks]

Examiners report

IN/A]
b, [N/A]

A skydiver jumps from a stationary balloon at a height of 2000 m above the ground.

Her velocity, v ms™! , ¢ seconds after jumping, is given by v = 50(1 — e %-%) .

a. Find her acceleration 10 seconds after jumping. [3]



b. How far above the ground is she 10 seconds after jumping? [3]

Markscheme

a. a=10e0% (MI)(Al)

att =10,a = 1.35 (ms~2) (accept 10e72) Al
[3 marks]
b. METHOD 1

d=[,"50(1— e 02)dt (M)

=283.83... Al

so distance above ground = 1720 (m) (3 sf) (accept 1716 (m)) AI
METHOD 2

s = [50(1 — e %)dt = 50t + 250e "% (+c) MI

Taking s = 0 when =0 gives c =250 M1

So when ¢t =10, s =283.3...

so distance above ground = 1720 (m) (3 sf) (accept 1716 (m)) Al
[3 marks]

Examiners report

a. Part (a) was generally correctly answered. A few candidates suffered the Arithmetic Penalty for giving their answer to more than 3sf. A smaller
number were unable to differentiate the exponential function correctly. Part (b) was less well answered, many candidates not thinking clearly
about the position and direction associated with the initial conditions.

b. Part (a) was generally correctly answered. A few candidates suffered the Arithmetic Penalty for giving their answer to more than 3sf. A smaller
number were unable to differentiate the exponential function correctly. Part (b) was less well answered, many candidates not thinking clearly

about the position and direction associated with the initial conditions.

Let f be a function defined by f(z) = z 4+ 2cosz , = € [0, 27] . The diagram below shows a region .S bound by the graph of f and the line

y==z.



A and C are the points of intersection of the line y = « and the graph of f, and B is the minimum point of f .

(a)
(b)
(©
(d)

If A, B and C have x-coordinates a%, % and c%, where a , b, ¢ € N, find the values of a , band c .

Find the range of f .

Find the equation of the normal to the graph of f at the point C, giving your answer in the form y = pz 4 q .
The region S is rotated through 27 about the x-axis to generate a solid.

(i) Write down an integral that represents the volume V' of this solid.

(i) Show that V = 672 .

Markscheme

(a) METHOD 1

using GDC
a=1,b=5,c=3 414241
METHOD 2

r=x+2cosx =cosx =0

:>:r:%,

Ml

wlif’

a=1,c=3 Al

1—2sine=0 MI

. 1
:>smx:5:>x:

T or
6 9T

b=5 Al

Note: Final M1A1 is independent of previous work.

[4 marks]

f (%,,> =3 — /3 (or0.886) (MI)



f(2m) =2w 42 (or8.28) (MI)
the range is [%ﬂ — V3, 21+ 2] (or [0.886, 8.28]) Al

[3 marks]

© fl(z)=1-—2sinz (MI)
3
r(%)=3 a1
gradient of normal = —% M)
equation of the normal is y — 3777 = f% (m — %’r) (M1)

y= —éac + 27 (or equivalent decimal values) AI N4

[5 marks]

3
d (G V=n/f <x2 — (z +2cos w)Z)dx (or equivalent) AIAI
2

Note: Award A1 for limits and A1 for 7 and integrand.

3
() V=m[ <x2 — (x + 2cos :E)Z)d:c
2

3m
=7 flzfz (4z cos z + 4cos’z)dx

using integration by parts M1
and the identity 4cos?z = 2cos2z +2, MI

iy

V = —rw[(4xsinz + 4 cosz) + (sin 2z + 2z)] AlAl

Note: Award A1 for 4z sinx + 4 cos x and A1 for sin 2z + 2z .

= -7 [(671'sin377r —}—4005377T —|—sin37r—|—37r) — (27rsin§ +4cos 5 —|—sin7r—|—7r)} Al

=—m(—6r 4 37— )
=612 AG NO
Note: Do not accept numerical answers.

[7 marks|

Total [19 marks]

Examiners report

Generally there were many good attempts to this, more difficult, question. A number of students found b to be equal to 1, rather than 5. In the final

part few students could successfully work through the entire integral successfully.



A curve C is given by the implicit equation & + y — cos (zy) = 0.

The curve zy = fg intersects C at P and Q.
dy 1+y sin(zy)

b.i.Find the coordinates of P and Q.

b.iiGiven that the gradients of the tangents to C at P and Q are my and m, respectively, show that m; x m, = 1.

c. Find the coordinates of the three points on C, nearest the origin, where the tangent is parallel to the line y = —z.

Markscheme

a. attempt at implicit differentiation ~ M1
dy dy .
1+ 4 + (y+ aca) sin(zy) =0 ATM1A1
Note: Award A1 for first two terms. Award M1 for an attempt at chain rule A7 for last term.

(1 + zsin (zy)) % = —1—ysin(zy) Af1

dy 1+y sin(zy)
& T <1+z sin(zy) ) AG
[5 marks]
b.i. EITHER
whenzy = — 7, coszy =0 M1

=x+y=0 (A1)

OR

T — % — Ccos (%ﬂ) = 0 or equivalent M1
r— =0 (A1)

THEN

therefore o® = 3 (2 = +, /7 ) (v = £1.25) A1

P (\@ _\/§) . Q (—\/; \@) or P(1.25, ~1.25), Q (~1.25, 1.25) At

[4 marks]

. 1—,/2x—1
Bl — VP M1A1
1+\/§><71

1+, /2x—1

mo = — \/_; A1l
17\/§><71

my m2=1 AG

Note: Award M1AOAO if decimal approximations are used.
Note: No FT applies.

[3 marks]

[5]

(4]

(3]

[7]



C. equate derivative to -1 M1
(y—=z)sin(zy) =0 (A1)
y=z,sin(zy) =0 R1
in the first case, attempt to solve 2z = cos (z%) M1
(0.486,0.486) A1
in the second case, sin (zy) =0 = zy=0andz+y=1 (M1)
(0,1),(1,00 A1
[7 marks]

Examiners report

. INA
b.i. VA

Consider the curve with equation (z2 + y2)2 = 4xy?.

T L . d
a. Use implicit differentiation to find an expression for ﬁ. (5]

b. Find the equation of the normal to the curve at the point (1, 1). [3]

Markscheme

a. METHOD 1

expanding the brackets first:
zt 4+ 22%9% + ¢t = day? M1
4® + day? + daPy—t + 4P L =y 4 8oy MiAlAl

Note: Award M1 for an attempt at implicit differentiation.

Award A1 for each side correct.

dy —28—ay? -y’
dz zy? —2xy+y°

METHOD 2
2 (22 + 12) <2:c + 2y%) =4y + Smy% MIAIAI

or equivalent Al

Note: Award M1 for an attempt at implicit differentiation.

Award A1 for each side correct.

dy dy
(z* +y?) (ac + ya> =y? +2zy g
dy dy dy
ety e+t =y 2y MI
d 32 2 .
% = ﬁ or equivalent Al

[5 marks]



b. METHOD 1

at(1, 1), g—z isundefined MI1A41

y=1 Al
METHOD 2

2 _opyiyd
gradient of normal = —diy = —g—z% Ml

dz
at (1, 1) gradient=0 A1
y=1 Al
[3 marks]

Examiners report

o INA
b, [N/A]

An open glass is created by rotating the curve y = z? , defined in the domain = € [0, 10], 27 radians about the y-axis. Units on the coordinate

axes are defined to be in centimetres.

a. When the glass contains water to a height h cm, find the volume V of water in terms of & . [3]

b. If the water in the glass evaporates at the rate of 3 cm> per hour for each cm? of exposed surface area of the water, show that, [6]
v — 3v2nV , where t is measured in hours.

e T

c. If the glass is filled completely, how long will it take for all the water to evaporate? [7]

Markscheme

a. volume = 7rf0h z2dy  (MI)

7rf0h ydy Ml
y2 h _ 7h?
[3 marks]
b. & — _3x surface area Al

Tt

surface area = x>  (M1)

=mh Al

& =321V AG

Note: Assuming that % = —3 without justification gains no marks.

[6 marks]



c. Vo = 50007 (= 15700 cm®) Al

&= 3v2rV
attempting to separate variables M1
EITHER
av oy
2/V = -3V2nt +c Al

c=2v5000r Al
V=0 MI

2 /5000r 1
=t=z o = 33§ hours AI

OR

Juooon 5 = =32 [[dt M14141

Note: Award M1 for attempt to use definite integrals, A1 for correct limits and 41 for correct integrands.

0

[2\/17} — 32T Al

50007
T = %,/ 502(:?” = 33% hours Al
[7 marks]

Examiners report

a. This question was found to be challenging by many candidates and there were very few completely correct solutions. Many candidates did not
seem able to find the volume of revolution when taken about the y-axis in (a). Candidates did not always recognize that part (b) did not involve
related rates. Those candidates who attempted the question made some progress by separating the variables and integrating in (c) but very few

were able to identify successfully the values necessary to find the correct answer.

b. This question was found to be challenging by many candidates and there were very few completely correct solutions. Many candidates did not
seem able to find the volume of revolution when taken about the y-axis in (a). Candidates did not always recognize that part (b) did not involve
related rates. Those candidates who attempted the question made some progress by separating the variables and integrating in (c) but very few

were able to identify successfully the values necessary to find the correct answer.

c. This question was found to be challenging by many candidates and there were very few completely correct solutions. Many candidates did not
seem able to find the volume of revolution when taken about the y-axis in (a). Candidates did not always recognize that part (b) did not involve
related rates. Those candidates who attempted the question made some progress by separating the variables and integrating in (c) but very few

were able to identify successfully the values necessary to find the correct answer.



Xavier, the parachutist, jumps out of a plane at a height of h metres above the ground. After free falling for 10 seconds his parachute opens. His

velocity, vms~ L, ¢ seconds after jumping from the plane, can be modelled by the function

9.8¢, 0<t<10
() =9 —2 __ t>10

His velocity when he reaches the ground is 2.8 ms ™.

a. Find his velocity when t = 15.

b. Calculate the vertical distance Xavier travelled in the first 10 seconds.

c. Determine the value of h.

Markscheme

a. o(15) = —2—  (M1)

1+(15-10)2
v(15) = 19.2 (ms™1) A1

[2 marks]

10
b [9.8tdt (Mm1)
0
=490 (m) A1
[2 marks]

c. —=% ____928 (M)

1+(t—10)*

t=44.985... (s) A1

44.9...

h=490+ [ —Z_dt M1)A1)
10 1+(t—10)°

h =906 (m) Af

[5 marks]

Examiners report

o INA
o, [N/A]

o, INA]

The function f(z) = 3sinz + 4 cos z is defined for 0 < z < 27 .

a. Write down the coordinates of the minimum point on the graph of /.

b. The points P(p, 3) and Q(q, 3), ¢ > p, lie on the graph of y = f(z) .

[2]

2]

(5]

(1]

2]



Findpandg .
c. Find the coordinates of the point, on y = f(x) , where the gradient of the graph is 3. [4]

d. Find the coordinates of the point of intersection of the normals to the graph at the points P and Q. (7]

Markscheme
a. (3.79,—5) Al

[1 mark]
b. p=1.57or %, q=6.00 AIAl

[2 marks]

c. f'(z) =3cosz —4sinz (MI)(AD)
3cosx —4sine =3 = x =4.43... (4l
(y=-4) Al
Coordinates are (4.43, —4)

[4 marks]

(M)

* Mnormal = Mtangent

gradient at P is —4 so gradient of normal at P is % (A1)
gradient at Q is 4 so gradient of normal at Q is —% (A1)

equation of normal at Pisy — 3 = i(m —1.570...) (or y = 0.25z + 2.60...) (M1)
tion of latQisy — 3 = = (z — 5.999... = —0.25z +4.499...) (MI
equation of normal at Q is y 5 (z ) (ory z + ) (M1

Note: Award the previous two M1 even if the gradients are incorrect in y — b = m(z — a) where (a, b) are coordinates of P and Q (or in
y = max + ¢ with ¢ determined using coordinates of P and Q.

intersect at (3.79, 3.55) AIAI
Note: Award V2 for 3.79 without other working.

[7 marks]

Examiners report

a. Candidates answered parts (a) and (b) of this question well and, although many were also successful in part (c), just a few candidates gave
answers to the required level of accuracy. Part d) was rather challenging for many candidates. The most common errors among the candidates
who attempted this question were the confusion between tangents and normals and incorrect final answers due to premature rounding.

b. Candidates answered parts (a) and (b) of this question well and, although many were also successful in part (c), just a few candidates gave
answers to the required level of accuracy. Part d) was rather challenging for many candidates. The most common errors among the candidates

who attempted this question were the confusion between tangents and normals and incorrect final answers due to premature rounding.



c. Candidates answered parts (a) and (b) of this question well and, although many were also successful in part (c), just a few candidates gave
answers to the required level of accuracy. Part d) was rather challenging for many candidates. The most common errors among the candidates
who attempted this question were the confusion between tangents and normals and incorrect final answers due to premature rounding.

d. Candidates answered parts (a) and (b) of this question well and, although many were also successful in part (c), just a few candidates gave
answers to the required level of accuracy. Part d) was rather challenging for many candidates. The most common errors among the candidates

who attempted this question were the confusion between tangents and normals and incorrect final answers due to premature rounding.

Find the equation of the normal to the curve z3y® — zy = 0 at the point (1, 1).

Markscheme
2y —2y=0
322y +323y%y —y—2y' =0

Note: Award A1 for correctly differentiating each term.
z=1,y=1 3+3y—-1—-94' =0

y =—-1 (MI)AI
gradient of normal=1 (41)

equation of thenormaly — 1=z —1 A1 N2
y==z

Note: Award A2RS5 for correct answer and correct justification.

[7 marks]

Examiners report

This implicit differentiation question was well answered by most candidates with many achieving full marks. Some candidates made algebraic
errors which prevented them from scoring well in this question.

Other candidates realised that the equation of the curve could be simplified although the simplification was seldom justified.

Acurve is defined 2% — 5zy + y? = 7.

dy  5y-2z



b. Find the equation of the normal to the curve at the point (6, 1). [4]

c. Find the distance between the two points on the curve where each tangent is parallel to the line y = x. [8]

Markscheme

a. attempt at implicit differentiation M1

dy dy
20 —bzg — 05y +2yg, =0 A1A1
Note: AT for differentiation of x> — 5zy, A1 for differentiation of y2 and 7.

2z — by + 3—5(23/—51:):0

dy 5y—2z
dz — 2y-b5z AG

[3 marks]

dy 5x1-2x6 1
b. de — 2x1-5x6 4 A1

gradient of normal = —4 A1
equation of normal y = —4x +c¢ M1
substitution of (6, 1)

y=—4zr+25 At

Note: Accepty — 1= —4(z — 6)
[4 marks]

2z

S5y—
C. setting 257595 =1 M1

y=—-zc A1

substituting into original equation M1
22 +522+22=7 (A1)

Tz: =17

rz==x1 A1

points (1, —1)and (-1, 1) (A1)

distance = /8 (: 2\/5) (M1)A1

[8 marks]

Total [15 marks]

Examiners report

IN/A]
b, [N/A]

C_' IN/A]



1 1 1
The point P, with coordinates (p, q) , lies on the graph of 22 + yz = a2 ,a > 0.

The tangent to the curve at P cuts the axes at (0, m) and (n, 0) . Show thatm+n=a .

Markscheme

T2 +Y2 =a

levt iy o0 i

2T 21?/ dz —

dy 2 y

w- L=V A
20

1
Note: Accept % =1 — %% from making y the subject of the equation, and all correct subsequent working

therefore the gradient at the point P is given by
dy q
e —\/; Al
equation of tangentisy — q = — \/g(m —p) Ml
(y=—/52+a+ Vavp)
. _ av/p
x-intercept: y=0,n = N3 +p=+a/p+p Al

y-intercept: x =0, m = \/g\/p+q Al
n+m=+q/p+p+avp+q Ml

=2Vavp+p+ty
= (Vp+va)' Al
—a AG

/8 marks]

Examiners report

Many candidates were able to perform the implicit differentiation. Few gained any further marks.

. . . . d
Consider the differential equation y% = cos 2x.

a. (i) Show that the function y = cos z + sin z satisfies the differential equation. [10]

(ii)  Find the general solution of the differential equation. Express your solution in the form y = f(z), involving a constant of integration.
(iii)  For which value of the constant of integration does your solution coincide with the function given in part (i)?

b. A different solution of the differential equation, satisfying y =2 when z = %, defines a curve C. [12]
(i) Determine the equation of C in the form y = g(z) , and state the range of the function g.

A region R in the xy plane is bounded by C, the x-axis and the vertical lines x =0 and = =

T



(i1))  Find the area of R.

(iii)  Find the volume generated when that part of R above the line y = 1 is rotated about the x-axis through 27 radians.

Markscheme

a. (i) METHOD 1

dy .
I, = —sinz +cosz Al

y% = (cosz +sinz)(—sinz + cosz) MI

= cos’z —sin’z Al

=cos2z AG

METHOD 2

y?> = (sinz + cosz)? Al

2yg—z = 2(cosz +sinz)(cosz —sinz) M1
2

dy .
Yo, = cos"x — sin’c Al

=cos2x AG

(i) attempting to separate variables [y dy = [cos2z dz MI
3y*=3sin22 +C  AIAI

Note: Award A1 for a correct LHS and A1 for a correct RHS.
1
y==£(sin2z + A)7 Al

(iii) sin2z + A = (cosz +sinz)? (MID)
(cosz + sinx)? = cos’x + 2sinx cos z 4 sin’z
use of sin 2x = 2sinxzcosz. (M)
A=1 Al
[10 marks]
b. (i) substitutingz = - and y =2 into y = (sin 2z + A)% M1
so g(z) = (sin2z + 3)% Al
range g is [\/5, 2} AIAIAI

Note: Accept [1.41, 2]. Award A1 for each correct endpoint and A1 for the correct closed interval.

(ii) f(,% (sin2x+3)%dw (M1)(Al)
=299 Al



(i) [ (sin2z + 3)de — (1 ( )(or equivalent)  (MI)(AD(AL

Note: Award (M1)(A1)(A1) for 7rf 2 (sin 2z + 2)dz

= 17.946 — 4.935 (= 237 +2) — = (%)) T

Note: Award A1 for m(mw + 1).

[12 marks]

Examiners report

a. Part (a) was not well done and was often difficult to mark. In part (a) (i), a large number of candidates did not know how to verify a solution,
y(z), to the given differential equation. Instead, many candidates attempted to solve the differential equation. In part (a) (ii), a large number of
candidates began solving the differential equation by correctly separating the variables but then either neglected to add a constant of integration
or added one as an afterthought. Many simple algebraic and basic integral calculus errors were seen. In part (a) (iii), many candidates did not
realize that the solution given in part (a) (i) and the general solution found in part (a) (ii) were to be equated. Those that did know to equate
these two solutions, were able to square both solution forms and correctly use the trigonometric identity sin 2z = 2 sin x cos . Many of these
candidates however started with incorrect solution(s).

b. In part (b), a large number of candidates knew how to find a required area and a required volume of solid of revolution using integral calculus.
Many candidates, however, used incorrect expressions obtained in part (a). In part (b) (ii), a number of candidates either neglected to state ‘m’

or attempted to calculate the volume of a solid of revolution of ‘radius’ f(z) — g(z).

_ —Va2+4

By using the substitution = 2 tan u, show that f = \/2_ ye

Markscheme

EITHER

92— 9gec?u Al

du )
2 sec”udu (M 1 )
f 4tan®uy/4+4tan’u

2 sec’udu du 2 sec’udu
—=geeutn (= [ = or = [ —=€crau ) 4]
f 4tan“ux2 secu ( f 4sin®uv/tan2u+1 f 4tan?uVasec? u)

OR

u = arctan %

du _ 2
w=—wa N

f V4tan?u+4du (MI)

2x4tanu

2 secudu Al
2x 4tan?u

THEN
_ 1 psecudu
T4 f tanu

1 1
= 7 [ cosecucot udu (: 1 f%du) Al




= —2cosecu(+C) <: ;(4'0)) Al

4 " 4sinu

use of either u = % or an appropriate trigonometric identity M1

either sinu = \/’§_+4 or cosec u = \/I;+4 (or equivalent) A1
T

= TH(40)  AG

[7 marks|

Examiners report

Most candidates found this a challenging question. A large majority of candidates were able to change variable from x to u but were not able to

make any further progress.

The function fis defined by f(z) = zv9 — 2% + 2 arcsin(%).

a rite down the largest possible domain, for each of the two terms of the tunction, /, and hence state the largest possible domain, D , for /.
Write d he largest possible d in, f h of th f the functi dh he largest possible d in, D, for
(b) Find the volume generated when the region bounded by the curve y = f{x) , the x-axis, the y-axis and the line x = 2.8 is rotated through 27
radians about the x-axis.

c n x) in simplified form.

(¢) Find f'(2) in simplified f

(d) Hence show that ffp 1\} 22 qg = 2p\/9 —p* + 4arcsin<§), wherep € D .

9—z2

(e) Find the value of p which maximises the value of the integral in (d).

2
() (i) Show that f"(z) = Z2==2)
(9-a)2

(i1) Hence justify that f{x) has a point of inflexion atx =0, butnotat x = + % .

Markscheme

(a) Forzv9 — z?, —3 < z < 3 and for 2arcsin<§>, —-3<z<3 Al

=Dis —3< <3 Al
[2 marks]

2
b) V== 02'8 (a:\/9 — x2 = 2arcsin %) dz MIiAl

=181 Al
[3 marks]
dy 2 1 2 %
© z=09-2°)2 - ——++ MIAl

=09-2)7 - 2=+ +—2+ Al
— 9—a?—2?42 Al
(9-22)2

_11-222
~ v A

[5 marks]

P 11-22% 3 — ozl
(d f,p@(h— [w\/g x —|—2arcs1n3]_p M1



:p\/9—p2+2arcsin§—l—p\/9—p2—|—2arcsin§ Al
=2p\/9 — p? + 4arcsin<§) AG

[2 marks]

() 11-2p2=0 MI

p=2.35 (, /12—1) Al

Note: Award A0 forp = +2.35 .

[2 marks]

1 1
O () fr(e)= L2020 8y g
74z(97z2)+z(31172z2) Al

(9-22)2
_ o8brtdad+lle-22 g

(9-2?)2

2_

_ z(2z°—25) AG

(szz) 2

8

(i) EITHER
When 0 < z < 3, f"(z) < 0. When -3 <z <0, f"(z) >0. Al

OR

f'(0)=0 41

THEN

Hence f”(z) changes sign through x = 0, giving a point of inflexion. ~ RI
EITHER

T = £,/ % is outside the domain of £  RI

OR
wzi,/?isnotarootoff”(x):0. R1
[7 marks]

Total [21 marks]

Examiners report

It was disappointing to note that some candidates did not know the domain for arcsin. Most candidates knew what to do in (b) but sometimes the
wrong answer was obtained due to the calculator being in the wrong mode. In (c), the differentiation was often disappointing with arcsin(%)
causing problems. In (f)(i), some candidates who failed to do (c) guessed the correct form of f'(z) (presumably from (d)) and then went on to find

1" () correctly. In ()(ii), the justification of a point of inflexion at x = 0 was sometimes incorrect — for example, some candidates showed simply

that f'(x) is positive on either side of the origin which is not a valid reason.

A body is moving through a liquid so that its acceleration can be expressed as



where v ms ™! is the velocity of the body at time ¢ seconds.
The initial velocity of the body was known to be 40 ms™*.
(a)  Show that the time taken, T seconds, for the body to slow to V ms~! is given by

40 1
T = 200/ 72d’u.
v 12480

(b) (i) Explain why acceleration can be expressed as v%, where s is displacement, in metres, of the body at time ¢ seconds.

(ii) Hence find a similar integral to that shown in part (a) for the distance, S metres, travelled as the body slows to V ms™!.

(c) Hence, using parts (a) and (b), find the distance travelled and the time taken until the body momentarily comes to rest.

Markscheme

d v? 26400
@ S—_2 39 <_ 6400 ) M1)

T 14 200

T=200[, 5isdv AG

02802

[4 marks]

. dv dv ds

=v  AG

.. 2802

(i) v ==27C MD)
S 14 200v

fO ds = f40 _v2+—807d’l) MIAIAI

fOS ds = 40  200v dv Ml

= v
40
[7 marks]

(c) letting V=0 (M)

distance = 200 ;" —*—;dv = 22.3 metres A1
v

time = 200 f040 m_lgofdv = 1.16 seconds Al

[3 marks]

Total [14 marks]

Examiners report



Many students failed to understand the problem as one of solving differential equations. In addition there were many problems seen in finding the

end points for the definite integrals. Part (b) (i) should have been a simple point having used the chain rule, but it seemed that many students had

not seen this, even though it is clearly in the syllabus.

A helicopter H is moving vertically upwards with a speed of 10 ms™! . The helicopter is A m directly above the point Q which is situated on level

ground. The helicopter is observed from the point P which is also at ground level and PQ = 40 m. This information is represented in the diagram

below.

diagram not to
scale

When h = 30,

(a) show that the rate of change of HPQ is 0.16 radians per second;

(b) find the rate of change of PH.

Markscheme

(@) letHPQ =14

_h
tan0—4—0

2946 _ 1 dh
sec edt740 n MI

((11_2 - 4561020 (A 1)

= % (sec¢9 = % orf = 0.6435) Al

= 0.16 radians per second AG

(b) 2 = h® + 1600, where PH = z
2052 =2nk M1
dz

>

_ 10
© Vh211600 (4D
_ dz _ —1
h=30, 3 =6ms" Al

Note: Accept solutions that beginz = 40secd or use h = 10t .

hm



[7 marks|

Examiners report

For those candidates who realized this was an applied calculus problem involving related rates of change, the main source of error was in
differentiating inverse tan in part (a). Some found part (b) easier than part (a), involving a changing length rather than an angle. A number of

alternative approaches were reported by examiners.

The following diagram shows a vertical cross section of a building. The cross section of the roof of the building can be modelled by the curve
22
f(z) = 30e” ™, where —20 < z < 20.

Ground level is represented by the z-axis.

130 2
f(x)=30e 0
F E
T 0 —X
-20 C 0 D 20
a. Find f"(z). [4]
b. Show that the gradient of the roof function is greatest when x = —+/200. [3]
c. The cross section of the living space under the roof can be modelled by a rectangle C DEF with points C(—a, 0) and D(a, 0), where [5]
0<a<20.
1
Show that the maximum area A of the rectangle CDEF is 600\/§e_7.
P
d. Afunction I is known as the Insulation Factor of C DEF. The function is defined as I(a) = %Z; where P = Perimeter and [9]

A = Area of the rectangle.

() Find an expression for P in terms of a.
(i)  Find the value of a which minimizes I.

(i)  Using the value of a found in part (i) calculate the percentage of the cross sectional area under the whole roof that is not included in the
cross section of the living space.

Markscheme

2

22 E3
a. f'(z) =30e ™ e —% (: —z—ge_m) M1A1



Note: Award M1 for attempting to use the chain rule.

2 2 2
" _ 3 = 32 = 3 = z?
() = —g5e ™ + gge ™ (— € ™ (2—00 - 1)) M1A1
Note: Award M1 for attempting to use the product rule.

[4 marks]

. the roof function has maximum gradient when f”(z) =0 (M1)

Note: Award (M1) for attempting to find f” <—\/ 200).

EITHER
=0 Af1

OR

f"(z) =0=xz=+/200 A1
THEN

valid argument for maximum such as reference to an appropriate graph or change in the sign of f”(z) eg f”(—15) = 0.010... (> 0) and
f"(—14) = —-0.001...(< 0) Rt

=x=-—v200 AG
[3 marks]
@2 @2
- A =2ae30e ™ (— 60ae” ® = —4009’(a)> (M1)(A1)
EITHER

ll2 LLZ
44 _ 60ae i o — 555 T 60e” ™ = 0= a =200 (—400f”(a) =0=a= \/200) M1A1

E =
OR
by symmetry eg a = —+/200 found in (b) or A, coincides with f”(a) =0 R1

=a =200 A1

Note: Award AO(M1)(A1)MOM1 for candidates who start with a = /200 and do not provide any justification for the maximum area. Condone
use of .

THEN
200
Apax = 60 0 /2006 ™ M1
— 600v2e¢ T AG
[5 marks]

112
. () perimeter = 4a + 60e ™ A1A1

Note: Condone use of z.



i) I(a) =28 T (ay)

60ae 100

graphing I(a) or other valid method to find the minimum

a=12.6 A1

20 2
(i) area under roof = f720 30e wdx M1

—896.18... (A1)

(12.6...) 2
400

area of living space = 60 - (12.6...) - e —
percentage of empty space = 43.3% A1
[9 marks]

Total [21 marks]

Examiners report

IN/A]
" IN/A]
" IN/A]
" IN/A]

0O 0 T o

Consider the curve with equation z3 + y3 = 4zy.

The tangent to this curve is parallel to the z-axis at the point where x = k, k > 0.

4y—3z?

. s N dy
a. Use implicit differentiation to show that T = i

b. Find the value of k.

Markscheme
a. 3z% + 3y2j—z =4 (y + :rj—i) M1A1

(3y% — 4:1@)% =4y — 32> A1

dy 4y—32?
T~ AC

[3 marks]

b. L =0=4y—322=0 (M1)

T

substituting z = kand y = %k2 into 23 +y° = 4zy M1

3, 2776 _ 913
Kk’ + ak} = 3k° A1
attempting to solve k% + %kﬁ =3k} fork (M1)

k=168 (= 5V2) A1

Note: Condone substituting y = %w2 into 23 + y3 = 4xy and solving for .

(mM1)

= 508.56...

(3]

(5]



[5 marks]

Examiners report

a. Part (a) was generally well done. Some use of partial differentiation accompanied by rudimentary partial derivative notation was observed in a few

candidate’s solutions.

dy

b. In part (b), a large number of candidates knew to use —— = 0 and seemingly understood the required solution plan but were unable to correctly

dz

. 3k2 . .
substitute z = k and y = =~ into the relation and solve for k.

VT

Consider the function f(z) = O<z<m.

sinzx ?

Consider the region bounded by the curve y = f(x), the z-axis and the lines = %, T = %

a.i.Show that the z-coordinate of the minimum point on the curve y = f(x) satisfies the equation tan z = 2z.

a.iiDetermine the values of  for which f(z) is a decreasing function.

b. Sketch the graph of y = f(a:) showing clearly the minimum point and any asymptotic behaviour.

c¢. Find the coordinates of the point on the graph of f where the normal to the graph is parallel to the line y = —z.

d. This region is now rotated through 27 radians about the z-axis. Find the volume of revolution.

Markscheme

a.i.attempt to use quotient rule or product rule M1

1
o 1 —= o
s1na:<5z 2)7\/zcosz

2

() = (: 1 JBeosa

2\/xsinx sin’z

- > A1A1
s x

Note: Award A1 for

. VzZcosz .
or equivalent and A1 for ———— or equivalent.
sin'x

1
2y/zsinz
setting f'(z) =0 M1
sinz
2V
sin

2Vz
tanx = 2x AG

—+/xcosx =0

= y/x cosx or equivalent A7

[5 marks]
aliix = 1.17

0 << 117 A1A1

(5]

[2]

(3]

(4]

(3



Note: Award A1 for 0 < z and A1 for x < 1.17. Accept z < 1.17.

[2 marks]
b.

1

9

8

. |

) ;

A /

1 {

/
] a\ //

N —

a T 'I! -
concave up curve over correct domain with one minimum point above the z-axis. A1
approaches x = 0 asymptotically A7
approaches x = m asymptotically A7
Note: For the final AT an asymptote must be seen, and 7 must be seen on the z-axis or in an equation.
[3 marks]

c. sinw(%x7é>—\/§cosm

fl@) | = =1 (A1)

sin’z

attempt to solve forx  (M1)
z=196 A1
y=f(1.96...)

=151 A1

[4 marks]

d V=nx[? Zj;; (M1)(A1)

Note: M1 is for an integral of the correct squared function (with or without limits and/or ).

= 2.68 (= 0.8527) Af

[3 marks]

Examiners report

a.i. NA]
aiilNVA
o IN/A]
.. INA]

IN/A]



The acceleration of a car is % (60 — v) ms™2, when its velocity is v ms~2. Given the car starts from rest, find the velocity of the car after 30

seconds.

Markscheme

METHOD 1

L= L(60—v) (M)
attempting to separate variables [ % =f i—é M1
~In(60 —v) = & +c Al

¢ = —1In60 (or equivalent) Al

attempting to solve for v whent=30 (M1)

v = 60 — 60e i

v=3L7(ms ') Al

METHOD 2

L= 5(60—v) (M)

&L— s (or equivalent) M1

fovf ﬁg—gvdv = 30 where vy is the velocity of the car after 30 seconds. 4141

attempting to solve fovf %dv =30 forvy (MI)

v=3L7 (ms™!) Al
[6 marks]

Examiners report

Most candidates experienced difficulties with this question. A large number of candidates did not attempt to separate the variables and instead
either attempted to integrate with respect to v or employed constant acceleration formulae. Candidates that did separate the variables and
attempted to integrate both sides either made a sign error, omitted the constant of integration or found an incorrect value for this constant. Almost

all candidates were not aware that this question could be solved readily on a GDC.

A particle moves along a straight line so that after ¢ seconds its displacement s , in metres, satisfies the equation s?> + s — 2t = 0 . Find, in terms

of s, expressions for its velocity and its acceleration.

Markscheme

ds ds _
ds 2
v=g = Al

EITHER



_dv_dvds
e=g=wa ™D

a= Al

Examiners report

Despite the fact that many candidates were able to calculate the speed of the particle, many of them failed to calculate the acceleration. Implicit
differentiation turned out to be challenging in this exercise showing in many cases a lack of understanding of independent/dependent variables.
Very often candidates did not use the chain rule or implicit differentiation when attempting to find the acceleration. It was not uncommon to see

candidates trying to differentiate implicitly with respect to ¢ rather than s, but getting the variables muddled.

Consider f(z) = -1+ ln(\/:z;2 - 1)
The function f is defined by f(z) = —1 + ln(\/gc7 — 1), zeD

The function g is defined by g(z) = —1 + ln(\/mr:2 — 1), z €]1, ool.

a. Find the largest possible domain D for f to be a function. [2]
b. Sketch the graph of y = f(x) showing clearly the equations of asymptotes and the coordinates of any intercepts with the axes. [3]
c. Explain why f is an even function. [1]
d. Explain why the inverse function f‘1 does not exist. 1]
e. Find the inverse function g’1 and state its domain. [4]
f. Find ¢/(z). [3]
g.i.Hence, show that there are no solutions to ¢'(z) = 0; 2]
g.iiHence, show that there are no solutions to (g !)'(z) = 0. [2]

Markscheme

a z2—-1>0 (M1)



r<-—lorx>1 A1

[2 marks]

E .'\'

(2.90, 0)

{—=2.90, )

shape A1
r=1landx=—-1 A1
z-intercepts A1

[3 marks]

. EITHER

f is symmetrical about the y-axis R1

OR

[1 mark]
. EITHER

f is not one-to-one function  R1
OR

horizontal line cuts twice R1
Note: Accept any equivalent correct statement.

[1 mark]

.ac:—1+ln<,/y2—1) m1
2 — 1 My
g l(z)=Ve*?+1,zeR AIA1

[4 marks]

[3 marks]

gig(z)= 75=0=2=0 M1

which is not in the domain of g (hence no solutions to g'(z) = 0)

R1



[2 marks]

L1 e

ase®®*2 > 0= (g7 !)(z) > 0sonosolutionsto (g~1)'(z) =0 R1

M1

2z+2

Note: Accept: equation e = 0 has no solutions.

[2 marks]

Examiners report

IN/A]
IN/A]
IN/A]
N/A]
IN/A]
IN/A]
- IN/A]

g.i.
g.il VA

o a0 o

> 0.

Particle 4 moves such that its velocity v ms™?, at time ¢ seconds, is given by v(t) = ﬁ, t>

Particle B moves such that its velocity v ms™! is related to its displacement s m, by the equation v(s) = arcsin(+/s).

a. Sketch the graph of y = v(¢). Indicate clearly the local maximum and write down its coordinates. 2]
. . 42 t

b. Use the substitution u = ¢* to find [ T dt. [4]

c. Find the exact distance travelled by particle A between t = 0 and ¢ = 6 seconds. [3]

Give your answer in the form k arctan(b), k, b € R.

d. Find the acceleration of particle B when s = 0.1 m. [3]

Markscheme



a (a)

o Haipen

‘\-‘LQJ;I

A1 for correct shape and correct domain

J3
(141, 0.0884) (V2, 7) Al

[2 marks]
b. EITHER

u=t>

du
W _ 2t Al

t
f12+t"1 :2f1u M1
u

= N—_arctan(—)

= Farctan( \/5)(—1_ ) or equivalent A1
[4 marks]
e f) Serdt  (MD)

— [ i)r
[4\/§amtan(2\/§ . M1

= ﬁ(arctan(%)) (zﬁ(arctan( ))) (m) Al

Note: Accept V3 arctan (6\/§> or equivalent.

—
wl| %

[3 marks]
d. dv _ 1
ds 2,/s(1-s) (Al)
_ dv
a = ’UE
a = arcsin(4/s) x - 311_3 M1)
a:arcsin(vO.l X NOiW
a=0.536 (ms2) Al
[3 marks]

Examiners report

[N/A]

Al



IN/A]
~INA]
q. IVA]

A function is defined by f(z) = 2> + 2, = > 0. Aregion R is enclosed by y = f(z),the y-axis and the line y = 4.

a. () Express the area of the region R as an integral with respect to y.
(i)  Determine the area of R, giving your answer correct to four significant figures.

b. Find the exact volume generated when the region R is rotated through 27 radians about the y-axis.

Markscheme
a. () area= f; Vy—2dy Mi1A1

(i) =1.886 (4sfonly) A1

Note: Award MOAOAT for finding 1.886 from [ - f(z)dz.
Award ATFT for a 4sf answer obtained from an integral involving .

[3 marks]

b. volume = 7rf24 (y—2)dy (M1)

Note: Award M1 for the correct integral with incorrect limits.

4
(A1)
2

2
<[5 -2
= 27 (exact only) A1
[3 marks]

Total [6 marks]

Examiners report

IN/A]
b, [N/A]

A function f is defined by f(z) = z® +e® + 1, z € R. By considering f'(x) determine whether f is a one-to-one or a many-to-one function.

Markscheme

f'(z) =3z +e* A1

(3]

(3]



Note: Accept labelled diagram showing the graph y = f'(z) above the x-axis;

do not accept unlabelled graphs nor graph of y = f(x).

EITHER

thisis always > 0 R1

so the function is (strictly) increasing R1
andthus1 -1 A1

OR

this is always > 0 (accept #0) R1
so there are no turning points R17

andthus1 —1 At
Note: A7 is dependent on the first R1.

[4 marks]

Examiners report

The differentiation was normally completed correctly, but then a large number did not realise what was required to determine the type of the original
function. Most candidates scored 1/4 and wrote explanations that showed little or no understanding of the relation between first derivative and the
given function. For example, it was common to see comments about horizontal and vertical line tests but applied to the incorrect function.In term of
mathematical language, it was noted that candidates used many terms incorrectly showing no knowledge of the meaning of terms like ‘parabola’,

‘even’ or ‘odd’ ( or no idea about these concepts).

sin 6
1—cosf de.

(a) Integrate

(b) Given that fl? sind_ 46 = % and g < a < m, find the value of a .
2

1—cos@

Markscheme

@ [0 qg= [ 49— In(1 - cosh) + C (MDAIAL

1—cosf 1—cos@

Note: Award A1 for In(1 — cos ) and A1 for C.

a sinf 1 a 1
o Smo = = In(1 — == MI
(b) fE r—df = 5 = [In( cosO)]E 5

1

1 —cosa =e? = a=arccos(l —\/e))or2.28 Al N2

[5 marks]



Examiners report

Generally well answered, although many students did not include the constant of integration.

Given that the graph of y = 2® — 622 + kz — 4 has exactly one point at which the gradient is zero, find the value of k .

Markscheme
Y322 12c+k MiAl

For use of discriminant b> — 4ac = 0 or completing the square 3(z — 2)2 +k— 12 (MI)
144 — 12k =0 (A1)

Note: Accept trial and error, sketches of parabolas with vertex (2,0) or use of second derivative.

k=12 Al
[5 marks]

Examiners report

Generally candidates answer this question well using a diversity of methods. Surprisingly, a small number of candidates were successful in

answering this question using the discriminant of the quadratic and in many cases reverted to trial and error to obtain the correct answer.

A ladder of length 10 m on horizontal ground rests against a vertical wall. The bottom of the ladder is moved away from the wall at a constant

speed of 0.5 ms™!. Calculate the speed of descent of the top of the ladder when the bottom of the ladder is 4 m away from the wall.

Markscheme

let x, y (m) denote respectively the distance of the bottom of the ladder from the wall and the distance of the top of the ladder from the ground

then,

2?2 +y?> =100 MIAI

209 12y — 0 MiIAI

whenz =4, y= \/8_4andi—f =05 Al
substituting, 2 x 4 x 0.5 + 2\/8_4% =0 Al
dy

_ -1
T = —0.218 ms Al

(speed of descent is 0.218 ms 1)

[7 marks|



Examiners report

IN/A]

2—e”
2er—1

Let the function f be defined by f(x) = , € D.

a. Determine D, the largest possible domain of f
b. Show that the graph of f has three asymptotes and state their equations.

’ _ 3
c. Show that f'(z) = e 1

d. Use your answers from parts (b) and (c) to justify that f has an inverse and state its domain.

e. Find an expression for f~1(z).

f. Consider the region R enclosed by the graph of y = f(z) and the axes.

Find the volume of the solid obtained when R is rotated through 27 about the y-axis.

Markscheme

a. attempting to solve either 2¢* — 1 =0o0r2e®* — 1 #O0forz (M1)

D =R\ {—1In2} (orequivalenteg z # —1In2) A1
Note: Accept D = R\ {—0.693} or equivalent eg  # —0.693.

[2 marks]
b. considering lim f(z) (M1)
z——In2

z=—In2(z=-0.693) A1

considering one of lim f(z)or lim f(z) M1
T——00 T—+00

lim f(z)=-2=y=-2 A1

T——00
lim f(z) = —% =y= —% A1

T—+00

Note: Award AOAO fory = —2andy = —% stated without any justification.

[5 marks]

¢ fl(z) = _em(zem(;::f?@_em) M1A1A1

— 3
T (2e—1)? AG

[3 marks]

[2]

(5]

(3]

(4]

[4]

(4]



d. f'(z) <0 (for all z € D) = fis (strictly) decreasing R1

Note: Award R1 for a statement such as f’(m) # 0 and so the graph of f has no turning points.
one branch is above the upper horizontal asymptote and the other branch is below the lower horizontal asymptote R1
f has aninverse AG

—0<z<—2U—3<z<00 A2

Note: Award A2 if the domain of the inverse is seen in either part (d) or in part (e).

[4 marks]
2—e¥
€. xr= Sei_1 M1

Note: Award M1 for interchanging = and y (can be done at a later stage).

2zeY —x =2 —¢e¥ M1

2z +1)=z+2 A1
F @) =n(55) (f @) =In(z+2) ~ (22 +1)) A1

[4 marks]

f. useof V= Wfab z’dy  (M1)

1 y+2 \\ 2
=y (n(z5r)) av @ana
Note: Award (A1) for the correct integrand and (A1) for the limits.

=0.331 A1

[4 marks]

Examiners report

IN/A]
IN/A]
IN/A]
IN/A]
IN/A]
IN/A]

~0 a0 o

The vertical cross-section of a container is shown in the following diagram.



Vv

50—

" 40— |
\ 30— f

\ 20— |

I I x
20 10 10 20
The curved sides of the cross-section are given by the equation y = 0.25z2 — 16. The horizontal cross-sections are circular. The depth of the
container is 48 cm.
a. If the container is filled with water to a depth of A cm, show that the volume, V cm?, of the water is given by V = 4= (%2 + 16h). [3]
[10]

b. The container, initially full of water, begins leaking from a small hole at a rate given by \(\Mfrac{{{\text{d}}V}}{{{\text{d}}t}} = - \frac{{250\sqrt h }}

{{\pi(h + 16)}}\) where t is measured in seconds.
Show that \(\frac{{{\text{d}}h}}{{{\text{d}}t}} = - \frac{{250\sqrt h }}{{4{\pi 22}{{(h + 16)}*2}}}\).

(i)
(i) State % and hence show that ¢t = ;;;2 (h% + 32h% + 256h’%) dh.

Find, correct to the nearest minute, the time taken for the container to become empty. (60 seconds = 1 minute)
. At the same time, water continues leaking from the container at a [3]

SSfl

(il

c. Once empty, water is pumped back into the container at a rate of 8.5 cm

250vh 3 1

rate of mc
Using an appropriate sketch graph, determine the depth at which the water ultimately stabilizes in the container.

Markscheme

a. attempting to use V = wfab z2dy  (M1)
attempting to express z? in terms of y ie % = 4(y + 16)  (M1)

fory=nh, V= 47rf0hy+ 16dy A1
V=ar (4 +16h) 4G
[3 marks]
b. ) METHOD 1
dh _ dh _ AV
@ = aw X w M)

SF = 4n(h+16) (A1)



dh _ 1 —250vR
& = In(hi16) < w(hil6) MiA1

. dh _ dh oAV
Note: Award M1 for substitution into = av X a-

dh _ 250vR AG
dt 472 (h-+16)?

METHOD 2

& = 4n(h+16)3%  (implicit differentiation)(M1)

~250vh dh .

~h16) — 4m(h + 16)-3 (or equivalent) A7
dh 1 —250vh

& = Toaie) X wreie  MTAT

dh _ 250vR
dt 4n2(h+16)°

" 471' h+16)°
h+16
t:f— wovrdh M1)
o 4m(R432h+250)
t= i [ (h7 + 327+ 256h77 ) dh AG

(i) METHOD 1

—47?

= S Jus (BT + 3207 + 256077 )dn (M)

t=2688.756... (s) (A1)

45 minutes (correct to the nearest minute) A7

METHOD 2

—4r

t= o (207 + ST 451207 +c

when ¢ = 0, h:48;»c:2688.756...(c: dr” ( x 487 4 84 487 4 512 x 487 )) M1)

250

whenh =0, ¢ = 2688.756 ... (t = 35 (% x 487 + & x 487 4 512 x 487) ) (s) ()

250

45 minutes (correct to the nearest minute) A1

[10 marks]
. EITHER
the depth stabilizes when & =0 je 85— % =0 R1
attempting to solve 8.5 — ;iO—J:iZ =0 forh (M1)
OR
the depth stabilizes when % =0 e m (8 5— Z(iiﬁ)

250v/R

attempting to solve m (8.5 0]

):0 forh (M1)

THEN
h =5.06 (cm) A1

)zo R1



[3 marks]

Total [16 marks]

Examiners report

a.

Let f(z) = S,

This question was done reasonably well by a large proportion of candidates. Many candidates however were unable to show the required result in

part (a). A number of candidates seemingly did not realize how the container was formed while other candidates attempted to fudge the result.

. Part (b) was quite well done. In part (b) (i), most candidates were able to correctly calculate % and correctly apply a related rates expression to

show the given result. Some candidates however made a sign error when stating i—‘;. A large number of candidates successfully answered part (b)
(ii). In part (b) (iii), successful candidates either set up and calculated an appropriate definite integral or antidifferentiated and found that t = C

when h = 0.

In part (c), a pleasing number of candidates realized that the water depth stabilized when either % =0or % = 0, sketched an appropriate graph

and found the correct value of h. Some candidates misinterpreted the situation and attempted to find the coordinates of the local minimum of their

graph.

-2

The line Ly is parallel to L; and tangent to the curve y = f(z).

a. Find the equations of the horizontal and vertical asymptotes of the curve y = f(z). [4]
b. (i) Find f'(z). (8]
(ii))  Show that the curve has exactly one point where its tangent is horizontal.
(i)  Find the coordinates of this point.
c. Find the equation of L1, the normal to the curve at the point where it crosses the y-axis. (4]
d. Find the equation of the line L. (5]

Markscheme

a r— —oo=y— —é soy = —% is an asymptote  (M1)A1

e*—2=0=z=In2s0oz =1In2 (= 0.693) is an asymptote (M1)A1

[4 marks]
2(e”—2)e®™ — (e*™+1)e”

b. (i) f() = =g MIAI

_ e3z —4621—91
= —
(e"-2)

(i) f'(z) =0whene® —4e¥ —e* =0 MI
eil: (e2m 7461 _ 1) — 0
e? =0, e® = —0.236, e = 4.24 (ore® = 2+ /5) AlAl



Note: Award A1 for zero, A1 for other two solutions.

Accept any answers which show a zero, a negative and a positive.

as e > 0 exactly one solution RI

Note: Do not award marks for purely graphical solution.

(i) (1.44,8.47) AIAl

[8 marks]

f(0)=-4 (4D

so gradient of normal is % M1)
f0)=-2 (1

so equation of Ly is y = %1: -2 Al
[4 marks]

Cfle)=1 MI

soz =146 (MDAI

F(1.46) = 847 (4l)

equation of Ly is y — 8.47 = %(m —1.46) Al
(ory = im + 8.11)

[5 marks]

Examiners report

0O 0 T ®

The region A is enclosed by the graph of y = 2 arcsin(z — 1) — %, the y-axis and the line y = %.

IN/A]
IN/A]
IN/A]
IN/A]

a. Write down a definite integral to represent the area of A.
b. Calculate the area of A.
Markscheme
a. METHOD 1
2arcsin(z —1)— T =7 (M1)
c=1+-L (=1.707...) (A1)

V2

1
1+
of - (2 arcsin(z — 1) — %) dxr M1A1

[4]

2]



Note: Award M1 for an attempt to find the difference between two functions, A1 for all correct.

METHOD 2

whenz =0, y = =~ (= —3.93) Af
4

z=1+ sin(%) M1A1

Note: Award M1 for an attempt to find the inverse function.

f,%,;,, (1 +sin($>) dy A1

4

METHOD 3

1.71... 1.71...
0

Note: Award M1 for considering the area below the z-axis and above the z-axis and A7 for each correct integral.

[4 marks]
b. area = 3.30 (square units) A2

[2 marks]

Examiners report

~IN/A]
b. [N/A]

The displacement, s, in metres, of a particle £ seconds after it passes through the origin is given by the expression s = ln(2 - e*t), t>0.

a. Find an expression for the velocity, v, of the particle at time t.

b. Find an expression for the acceleration, a, of the particle at time ¢.

c. Find the acceleration of the particle at time ¢t = 0.

Markscheme

ds et

1 2
a. ’U—E = 2o ? (Z 2et—_10r _1+2_—e4) M1A1

[2 marks]

b. _ ﬁ _ —e {(2—et)—etxet _ _9et
a T —(27e*t)2 2 o7 M1A1

Jy % (2aresin(e — 1) - ) dz |+ [ jde- J (2arcsin(z — 1) - §) dz M1A1A1A1

2]

2]

(1]



2
Note: If simplified in part (a) award (M1)A1 for a = d—,f — 5
dt (2¢P—1)

Note: Award M1A1fora = —e 1(2 —e!)2(e7?) —e ?(2 —e )L

[2 marks]
c. a=—2(ms?) A1

[1 mark]

Examiners report

a. Mostly well done. There were a few sign errors but most candidates were correctly applying the quotient or chain rules.
b. Mostly well done. There were a few sign errors but most candidates were correctly applying the quotient or chain rules.

c. Mostly well done. There were a few sign errors but most candidates were correctly applying the quotient or chain rules.

(a) Differentiate f(x) = arcsinz + 2v/1 — 22,z € [-1,1].

(b)  Find the coordinates of the point on the graph of y = f(z) in [—1, 1], where the gradient of the tangent to the curve is zero.

Markscheme

1 2 12z
@ F@)= s (=) Ml

Note: Award A1 for first term,
M1AI for second term (M1 for attempting chain rule).

(b) f(z)=0 MD
z=05,y=2260r ¢ ++/3 (accept (0.500,2.26) AIAI N3

[6 marks]

Examiners report

Most candidates scored well on this question, showing competence at non-trivial differentiation. The follow through rules allowed candidates to
recover from minor errors in part (a). Some candidates demonstrated their resourcefulness in using their GDC to answer part (b) even when they

had been unable to gain full marks on part (a).

Find the volume of the solid formed when the region bounded by the graph of y = sin(z — 1), and the lines y = 0 and y = 1 is rotated by 27 about

the y-axis.



Markscheme
volume = & [2’dy (MI)

x =arcsiny+1 (MI1)(AIl)
volume = wfol (arcsiny + 1)°dy A1

Note:A1 is for the limits, provided a correct integration of y.

=2.608993...m=820 A2 NS5

[6 marks]

Examiners report

Although it was recognised that the imprecise nature of the wording of the question caused some difficulties, these were overwhelmingly by
candidates who were attempting to rotate around the x-axis. The majority of students who understood to rotate about the y-axis had no difficulties
in writing the correct integral. Marks lost were for inability to find the correct value of the integral on the GDC (some clearly had the calculator in
degrees) and also for poor rounding where the GDC had been used correctly. In the few instances where students seemed confused by the lack of

precision in the question, benefit of the doubt was given and full points awarded.

By using an appropriate substitution find

tan(In
/#dg, y>0.

Markscheme

Letu =Iny = du = %dy AI(Al)

[ tan(;ny) dy = [tanudu AI

= [ 2% 4y = —Injcosu| + ¢ Al

cosu

EITHER

[ tan(;ny) dy = —In|cos(lny)| +c AlAl

OR

[ tan(;ny) dy = In|sec(Iny)| + ¢ A1A41

[6 marks]

Examiners report



Many candidates obtained the first three marks, but then attempted various methods unsuccessfully. Quite a few candidates attempted integration
by parts rather than substitution. The candidates who successfully integrated the expression often failed to put the absolute value sign in the final

answer.

A stalactite has the shape of a circular cone. Its height is 200 mm and is increasing at a rate of 3 mm per century. Its base radius is 40 mm and is

decreasing at a rate of 0.5 mm per century. Determine if its volume is increasing or decreasing, and the rate at which the volume is changing.

Markscheme
V =%r’h
v _x [2rh% n rzi—’;] MIAIAL

at the given instant
¥ §[2(4)(2oo) (—%) + 402(3)} M1

—32007

= —— =—3351.03...~ 3350 AI

hence, the volume is decreasing (at approximately 3350 mm? per century) RI

[6 marks]

Examiners report

Few candidates applied the method of implicit differentiation and related rates correctly. Some candidates incorrectly interpreted this question as

one of constant linear rates.

Consider the triangle PQR, where QPR, = 30°, PQ = (z + 2) cm and PR = (5 — z)% cm, where —2 < z < 5.

a. Show that the area, A cm?, of the triangle is given by A = %(m?’ — 8z% + 5z + 50). 2]

b. () State 2. [3]

(i) Verify that $1 = O whenz = 1.
2
c. (i) Find % and hence justify that x = é gives the maximum area of triangle PQR. [7]

(i) ~ State the maximum area of triangle PQR.

(i)  Find QR when the area of triangle PQ R is a maximum.

Markscheme

a. useof A = %qr sin 6 to obtain A = %(w +2)(5 —)%sin30° M1



= 2(z +2)(25 - 10z +2?) A1

A= 1(2® —82% + 5z +50) AG

[2 marks]
. dA
b. () 2 = 1(32> — 16z +5) = 3(3z — 1)(z — 5)
(i) METHOD 1
EITHER
2
dA 1 1 1
OR

£ 4a(3) 1) () -9) 0w

THEN

soi—A —Owhenz = + AG
T 3

METHOD 2

soIving% =0forx M1
2<z<b=z=3 Al

4
dx

—Owhenz = + AG

SO 3

METHOD 3

a correct graph of % versusz M1

the graph clearly showing that % =0whenz = L

soi—A —Owhenz = + AG
T 3
[3 marks]

o () A=1(3z-8) a1

1 &4
forng, sz?).\r) (< 0) R1

A1

A1

sor = % gives the maximum area of triangle PQR AG

(i) Amax = o2 (=12.7) (cm?) A1

(i) PQ= 1 (cm)and PR = (14)2 (cm) (A1)

3

QR? = (g)Z n (%)4 _9 (%) (13—4)200530" (M1)(A1)

=391.702...

QR =19.8 (cm) A1
[7 marks]

Total [12 marks]

Examiners report

a. This question was generally well done. Parts (a) and (b) were straightforward and well answered.

b. This question was generally well done. Parts (a) and (b) were straightforward and well answered.



c. This question was generally well done. Parts (c) (i) and (ii) were also well answered with most candidates correctly applying the second derivative

test and displaying sound reasoning skills.

Part (c) (iii) required the use of the cosine rule and was reasonably well done. The most common error committed by candidates in attempting to

2
, 14 14 , , o _ 1
find the value of QR was to use PR = = (cm) rather than PR = <?) (cm). The occasional candidate used cos 30° = 3.

The particle P moves along the x-axis such that its velocity, v ms ™! , at time ¢ seconds is given by v = cos(¢?).

a. Given that P is at the origin O at time ¢ = 0, calculate [4]

(1) the displacement of P from O after 3 seconds;
(i1) the total distance travelled by P in the first 3 seconds.

b. Find the time at which the total distance travelled by P is 1 m. [2]

Markscheme

a. (i) displacement = f03 vdt  (MI1)

=0.703 (m) AI

(i) total distance = f03 lv|dt  (MI)
=2.05(m) Al
[4 marks]

b. solving the equation fot |cos(u?)|du=1 (M1
t=139(s) AI
[2 marks]

Examiners report

IN/A]
b, IN/A

The diagram below shows the graphs of y = ‘%m — 3‘ , ¥ = 3 and a quadratic function, that all intersect in the same two points.



Given that the minimum value of the quadratic function is —3, find an expression for the area of the shaded region in the form

fot (a,:I:2 + bz + c)dz, where the constants a, b, ¢ and ¢ are to be determined. (Note: The integral does not need to be evaluated.)

Markscheme

|22 — 3] =0whenx=2 (41

the equation of the parabolais y = p(z — 2)2 -3 (M1)

through (0, 3) = 3=4p—3=p=12 (MI)

the equation of the parabola is y = %(m -2)2-3 <= %ﬁ — 6z + 3) Al
area = 2 f02 (3 - %z) - (%aﬂ — 6z + 3) dz MIMIAI

Note: Award M1 for recognizing symmetry to obtain 2 fOZ,

M1 for the difference,

ATl for getting all parts correct.

= [ (~32% + 9z)de Al

[8 marks]

Examiners report

This was a difficult question and, although many students obtained partial marks, there were few completely correct solutions.

The shaded region S is enclosed between the curve y = x 4+ 2 cos z, for 0 < = < 27, and the line y = z, as shown in the diagram below.



x
2n

a. Find the coordinates of the points where the line meets the curve.

b. The region S is rotated by 27 about the x-axis to generate a solid.

(1) Write down an integral that represents the volume V' of the solid.
(i)  Find the volume V.

Markscheme

a. (a) 2(1.57), 3(4.71) AlAl
hence the coordinates are (%, E), (—, —) Al

[3 marks]
3
b. (i) [ (:ﬁ ~ (¢ +2cos a:)2) de  AIAIAI
2

Note: Award A1 for 22 — (z + 2 cos z)?, A1 for correct limits and A7 for 7.
(i) 67%(=59.2) A2

Notes: Do not award ft from (b)(i).

[5 marks]

Examiners report

o INA
b, [N/A]

Consider the curve, C defined by the equation y?> — 22y = 5 — e®. The point A lies on C and has coordinates (0, a), a > 0.

(3]

(5]



a. Find the value of a.

2y—e”
2(y—z)

b. Show that g—y =
xr

c. Find the equation of the normal to C' at the point A.

d. Find the coordinates of the second point at which the normal found in part (c) intersects C'

e. Giventhatv = 33, y > 0, find g—z atz = 0.

Markscheme
a.a®2=5-1 (M1)

a=2 A1

[2 marks]
dy dy _ T
b. 2y — <2$a 4 2y> = —e"  MIA1A1AT

Note: Award M1 for an attempt at implicit differentiation, A1 for each part.

dy 2y—e®

& 2(y—z) AG
[4 marks]
d
c. atz =0, % :% (A1)

finding the negative reciprocal of a number (M1)

gradient of normal is —%
=—2z+2 A1
y=—3x+

[3 marks]

d. substituting linear expression  (M1)

2
<—%m + 2) — 2z (— %w + 2) + €* — 5 = 0 or equivalent

z =156 (M1)A1
y=—0.0779 A1
(1.56, — 0.0779)

[4 marks]

e. & _32%  pyaq

g PR L
dv 3
£:3X4XZ:9 A1
[3 marks]

Examiners report

a. Parts (a) to (c) were generally well done.

b. Parts (a) to (c) were generally well done.

2]

(4]

(3]

(4]

(3]



c. Parts (a) to (c) were generally well done although a significant number of students found the equation of the tangent rather than the normal in part

©.
d. Whilst many were able to make a start on part (d), fewer students had the necessary calculator skills to work it though correctly.

e. There were many overly complicated solutions to part (e), some of which were successful.

Ify = 1n(§(1 + e*zw)), show that S£ = 2(e™¥ — 3) .

Markscheme

y= ln(%(l + efh))

EITHER

dy 729—21

z §(1+e )
dy _ e Al

dz 14+e 2
1 o
ey = 3(1 + e 2 ) Ml

Nowe 2* =3¢V —1 Al

dy — —2(3ev—1)

dz  1+3eV—1 Al

S— (3e¥ — 1)

3
=-2(3-ev) 4l
2

=2(ev-3) AG

OR
e =3(1+e ) MIAI
b 2e7% MiqT

dz 3
Nowe 2* =3¢V —1 (41)
= el = =53 )
= P Zev@BeV 1) (4D)
=2(-3+e¥) (41
=2(¥-3) AG

Note: Only two of the three (41) marks may be implied.

[7 marks]

Examiners report

Solutions were generally disappointing with many candidates being awarded the first 2 or 3 marks, but then going no further.



A point P moves in a straight line with velocity vms™ given by v () = et — 8t?e 2 at time t seconds, where t > 0.

a. Determine the first time t; at which P has zero velocity.
b.i.Find an expression for the acceleration of P at time t.

b.iiFind the value of the acceleration of P at time t4.

Markscheme

a. attempt to solve v (t) = O for t or equivalent  (M1)

t; = 0.441(s) A1
[2 marks]

bi.a(t) =S = —et —16te 2 + 16t % M1A1

Note: Award M1 for attempting to differentiate using the product rule.
[2 marks]
biia (t1) = —2.28(ms™) A1

[1 mark]

Examiners report

VA
b.i. VA

b.il /Al

Let f(z) = z(z + 2)°.

a. Solve the inequality f(z) > =.

b. Find [ f(z)dz.

Markscheme

a. METHOD 1

sketch showing where the lines cross or zeros of y = z(z + 2)¢ — z
=0 (41

z=—-landz=-3 (41)

the solutionis -3 <z < —lorxz >0 AIAl

Note: Do not award either final A1 mark if strict inequalities are not given.

METHOD 2

(MI)

2]

[2]

(1]

(5]

(5]



separating into two casesx > Oandx <0 (MI1)
ifz > 0then (z + 2)% > 1 = always true (M)
ifr <Othen(z+2)°f<1=-3<z<-1 (Ml
so the solutionis —3 < x < —lorxz >0 AIAl

Note: Do not award either final 41 mark if strict inequalities are not given.

METHOD 3
f(z) = 2" + 122°% + 6025 + 160z* + 24023 + 19222 + 64z (A1)

solutions to 27 + 122% + 60x° + 160z* + 2402% + 19222 + 63z = 0 are  (MI)
r=0,z=—-landz =-3 (Al

so the solutionis -3 <z < —lorx >0 AIAl

Note: Do not award either final A7 mark if strict inequalities are not given.

METHOD 4

f(z) =z whenz(z +2) ==z

eitherz =0or (z+2)5=1 (41
if(z+2)8=1thenz+2=+lsox=—lorz=-3 (MI)(AI)
the solutionis -3 <z < —lorz >0 AlAl

Note: Do not award either final A1 mark if strict inequalities are not given.

[5 marks]
b. METHOD 1 (by substitution)
substitutingu =x +2 (M)
du = dx
[ (u—2)uSdu M1A41
= gub — 2u7(+c) (4D
=2(@+2° - 2(z+2)(+c) Al
METHOD 2 (by parts)
u=z=2 =1, &= (2+25=v=2(z+2)" M)AD
Jz(z+2)°dz = 12z +2)" — % [(z+2)dz  MI
_ 1 7_ 1 8
=-z(z+2)" — & (z+2)%+c) AlAl
METHOD 3 (by expansion)
[f(z)dz = [ («7 + 122° + 60z° + 160z* + 240z° + 19222 + 64z) dz  MI1AI

= g2+ 22’ + 1020 + 322° + 602! + 642° + 322%(+c) MIA2

Note: Award M1AI1 if at least four terms are correct.
[5 marks]

Examiners report

o INVA]
b, IN/A



Consider the function f , defined by f(z) = = — ay/z , where z > 0,a € RT .

(a) Findinterms of a

(1) thezerosof f;
(ii)  the values of « for which f is decreasing;
(iii)  the values of z for which f is increasing;
(iv) the range of f.

(b) State the concavity of the graph of f .

Markscheme

(2)

(i) z—avz Ml
Vzyr—a=0 (A1)
2e=0,z=a> AI N2

() fl(z)=1--": 41

2z
f is decreasing when f' <0 (M)
a 2\/z—a a2
1—N5 <0:>W<0:>w>7 Al

(iii)  f is increasing when f’ > 0

a 2\/;711
1—2ﬁ>0:> o

Note: Award the M1 mark for either (ii) or (iii).

>0=z>% Al

. . . 2
(iv)  minimum occurs at z = -

minimum value is y = —“T? (MI1)A1

N

hencey > — 4 Al

[10 marks]

(b) concave up for all values of x  RI

[1 mark]

Total [11 marks]

Examiners report

This was generally a well answered question.

By using the substitution z2 = 2sec 6, show that f \/df_4 = %arccos(%) +c.
TV ITt—



Markscheme

EITHER

z? = 2sech

2mg—§ = 2secftanf M1A1

f dx

zvat—4

sec 0 tan 0d6
= | ——— MI1A1
f2sec9\/m

OR
T = /2(sec 9)% (: v/2(cos 0)7%)

dr _ ﬁ(sec 9)%tan0 (: ﬁ(cos 0)_% sin 9) M1A1

‘a6 2 2
dz
zVzT4
o V3 (sec 03% tan 6d6 _ V3(cos 0):% sin 6d6 M1A1
2v/2(sec 0)2 v/Isec?0—4 2v/2(cos 0) "2 v/Zsec?—4
THEN
1 p tan6df
— 2J 2tand (M1)
1
=1/d9
_ 8
=7tc Al

x? = 2secl = cosf = % M1

Note: This M1 may be seen anywhere, including a sketch of an appropriate triangle.

0 1 2
so 7 tc= Zarccos(;) +c AG

[7 marks]

Examiners report

IN/A]

The graph of y = In(52 + 10) is obtained from the graph of y = In z by a translation of @ units in the direction of the z-axis followed by a translation

of b units in the direction of the y-axis.

a. Find the value of a and the value of b. [4]

b. The region bounded by the graph of y = In(5z + 10), the z-axis and the lines x = e and = = 2e, is rotated through 2 radians about the z-  [2]

axis. Find the volume generated.



Markscheme

a. EITHER
y=1In(z —a) +b=1In(5z + 10) (M1)
y=In(z — a) + Inc = In(5z + 10)
y=In(c(z — a)) = In(5z + 10) (M1)
OR
y=In(5z + 10) = In(5(z +2)) (M1)
y=In(5)+In(z+2) (M1)
THEN

a=-2,b=Inb A1A1
Note: Accept graphical approaches.

Note: Accepta =2, b=1.61

[4 marks]
b. V= 7rf62e [In(5z + 10)]*dz  (M1)

=99.2 A1
[2 marks]
Total [6 marks]

Examiners report

o INA
b, [N/A]

Two cyclists are at the same road intersection. One cyclist travels north at 20 km h ™. The other cyclist travels west at 15 kmh L.

Use calculus to show that the rate at which the distance between the two cyclists changes is independent of time.

Markscheme

METHOD 1

attempt to set up (diagram, vectors) (M1)

correct distances x = 15t, y = 20t (A1) (A1)
the distance between the two cyclists at time ¢ is s = 1/ (15t)* + (20¢)> = 25¢ (km) A1

d -1
5 =25 (kmh™) A1
hence the rate is independent of time AG
METHOD 2

attempting to differentiate z2 + y2 = s2 implicitly ~ (M1)



dz d ds
2 + Zyd—f =255 (A1)
the distance between the two cyclists at time ¢ is 1/ (15t)> 4 (20t)> = 25¢ (km) (A1)

d
2(15t)(15 + 2(20t)(20) = 2(252€)d—‘tg M1
Note: Award M1 for substitution of correct values into their equation involving %.

ds -1

hence the rate is independent of time AG

METHOD 3
s=/x2+y%2 (A1)
dz dy
ds __ T YT
Fri Nea (M1)(A1)

Note: Award M1 for attempting to differentiate the expression for s.

% _ (15t)(15)+(20¢)(20) M1

(15t)°+(20t)°

Note: Award M1 for substitution of correct values into their %.

d -1
ds — 25 (kmh™') A7
hence the rate is independent of time AG

[5 marks]

Examiners report

Reasonably well done. Most successful candidates determined that s = 25t = g—i = 25 from z = 15¢ and y = 20¢. A number of candidates did not

use calculus while a few candidates correctly used implicit differentiation.

A bicycle inner tube can be considered as a joined up cylinder of fixed length 200 cm and radius 7 cm. The radius 7 increases as the inner tube is
pumped up. Air is being pumped into the inner tube so that the volume of air in the tube increases at a constant rate of 30 cm3s—1. Find the rate at

which the radius of the inner tube is increasing when r = 2 cm.

Markscheme

V =200mr® (A1)



Note: Allow V = 7hr? if value of A is substituted later in the question.

EITHER

v _ dr
% = 20072r w M1A1
Note: Award M1 for an attempt at implicit differentiation.

atr = 2 we have 30 = 20071'43—; M1

OR

av
dr ar
Frialria M1

& =400nr M1

T = 2 we have % = 800w A1

THEN

dr 30 3 _

& o (=5 = 0.0119) (cms) A1

[5 marks]

Examiners report

This question was well understood and a large percentage appreciated the need for implicit differentiation although some candidates did not

3

recognise the need to treat h as a constant till late in the question. A number of candidates found the answer <

instead of % due to a basic
us

incorrect use of the GDC.

The region R is enclosed by the graph of y = e‘“z, the z-axis and the linesz = —land z = 1.

Find the volume of the solid of revolution that is formed when R is rotated through 27 about the x-axis.

Markscheme

2
f_117r<e’z2) dz (f_ll e 2¥dz or fol 27re’2z2dw) (M1)(A1)(A1)

2
Note: Award M1 for integral involving the function given; A1 for correct limits; A1 for m and (e—w2>

=3.758249... =3.76 A1
[4 marks]

Examiners report



Most candidates answered this question correctly. Those candidates who attempted to manipulate the function or attempt an integration wasted time
and obtained 3/4 marks. The most common errors were an extra factor ‘2’ and a fourth power when attempting to square the function. Many

candidates wrote down the correct expression but not all were able to use their calculator correctly.

Consider the curve defined by the equation 4z2 4 y? = 7.

a. Find the equation of the normal to the curve at the point (1, \/g) [6]

b. Find the volume of the solid formed when the region bounded by the curve, the z-axis for £ > 0 and the y-axis for y > 0 is rotated through 27 [3]

about the x-axis.

Markscheme

a. METHOD 1
4a? +y2 =1

8z +2yL =0 (M1)A1)

W _ &
dz Y

d
Note: Award M1Af1 for finding % = —2.309... using any alternative method.

hence gradient of normal = % (M1)

hence gradient of normal at (1, \/§) is ? (=0.433) (A1)

hence equation of normal is y — /3 = %(m —-1) (M1)A1

( LI %ﬁ) (y = 0.433z + 1.30)
METHOD 2

4a? +y2 =17

y=+T7—4z7 (M1)

dy 4z

&= @

d
Note: Award M1AT1 for finding d—z = —2.309... using any alternative method.

VT—42?
hence gradient of normal = — i (M1)

hence gradient of normal at (1, \/3) is ? (=0.433) (A1)

V3

hence equation of normal is y — \/3 = T(m —1) (M1)A1



(y="Fe+37) (v=04332+130)
[6 marks]
V7
b. =z
Useof V= [ y’da
0

V=r[(7-42*)dz (M1)(A1)

Sl

Note: Condone absence of limits or incorrect limits for M mark.

Do not condone absence of or multiples of 7.

—19.4 (: 7‘(;’”) A1

[3 marks]

Examiners report

a. [N/A]
b. [N/A]

A. Prove by mathematical induction that, forn € Z*, (8]
2 3 n—1
1 1 1 n + 2
1+2( = — 4| = . - =4 - .
w2(3)2(3) 25) oz)
B. (a) Using integration by parts, show that [ e**sin zdz = %e2$(2 sinz —cosz) + C . [17]
(b) Solve the differential equation % = /1 — y2e*® sin z, given that y = 0 when x = 0,
writing your answer in the form y = f(z) .
(¢) (1) Sketch the graph of y = f(z) , found in part (b), for 0 < z < 1.5.

Determine the coordinates of the point P, the first positive intercept on the x-axis, and mark it on your sketch.

(i1)
of revolution.

Calculate the volume of this solid.

Markscheme

A. prove that 1 + 2 (g) + 3(%)2 +4(§)3+...+n(§)”71 4
forn =1
LHS = 1, RHS:4—12L02=4—3:1

sotrue forn=1 RI

assume true forn=k MI

The region bounded by the graph of y = f(z) and the x-axis, between the origin and P, is rotated 360° about the x-axis to form a solid

n+2

2n71



ot n (8] 3(3) (2 a(2) a5
now forn =k +1
LHS:1+2(3) +3(§)2 +4<%)3+...+k<%)k71 +(k+ 1)(%)]“ Al

k
:4—%+(k+1)<%) MIAT

—4_ @ + % (or equivalent) A1
(k+1)+2 k+3
—4— ST (accept 4 — 2%) Al

Therefore if it is true for n = k it is true for n = k + 1. It has been shown to be true for n = 1 so it is true foralln (€ Z*). RI

Note: To obtain the final R mark, a reasonable attempt at induction must have been made.

[8 marks]

- (a)

METHOD 1

[e**sinzdz = — cosze®™ + [2e*" coszdz MIAIAI
= —cosze™ + 2e*sinz — [4e*"sinzdz AIAI

5 fezz sinzdz = — cos ze?® + 2e**sinz M1
[e**sinzdz = %e2”(2 sinz —cosz) +C AG

METHOD 2

T

[sinze**dz = % — [cos :L'e%xdac MI1A1A1

3 2z 2z 2
__ sinze®® e . e
= 2 —cosz — [sinzS-dz  AIAI
5 fe2z sinzdz = e¥sing _ cosze™ Ml
4 2 4

[e**sinzdz = %e21(2 sinz —cosz) + C AG

[6 marks]

(b)

f% = [e**sinzdz MIAlL
1-y

arcsiny = %e2°”(2 sinz —cosz)(+C) Al
when z = 0, y:O:>C:% Ml
y:sin(%eh@sinx—cosw)—&—l) Al

5

[5 marks]

(©



Al
Pis(1.16,0) AI

Note: Award A1 for 1.16 seen anywhere, A1 for complete sketch.

Note: Allow FT on their answer from (b)

Gy V=["""m’dz MiAl

=105 42

Note: Allow FT on their answers from (b) and (¢)(i).

[6 marks]

Examiners report



A. Part A: Given that this question is at the easier end of the ‘proof by induction’ spectrum, it was disappointing that so many candidates failed to
score full marks. The n = 1 case was generally well done. The whole point of the method is that it involves logic, so ‘let n =k’ or ‘putn=k’,

instead of ‘assume ... to be true for n = k’, gains no marks. The algebraic steps need to be more convincing than some candidates were able to

show. It is astonishing that the R1 mark for the final statement was so often not awarded.
. Part B: Part (a) was often well done, although some faltered after the first integration. Part (b) was also generally well done, although there

were some errors with the constant of integration. In (c) the graph was often attempted, but errors in (b) usually led to manifestly incorrect

plots. Many attempted the volume of integration and some obtained the correct value.

A rocket is rising vertically at a speed of 300 ms~! when it is 800 m directly above the launch site. Calculate the rate of change of the distance

between the rocket and an observer, who is 600 m from the launch site and on the same horizontal level as the launch site.

rocket
diagram
not to scale
launch 600 m observer
site

Markscheme

let x = distance from observer to rocket

let /2 = the height of the rocket above the ground

METHOD 1

4 — 300 when h = 800 A1

z = v/RZ + 360000 = (h? + 360000)3 M1
dz h

dh T VR21360 000

when h = 800
dz _ dz dh
A — dn dt Mmi
_ 300k
Vh2+360 000

=240 (ms™!) Al



[6 marks]
METHOD 2
h? +600° = 22 M1

o2h =223 41

dh
do _ h
dh =z
800 4
:m(: 3) Al
dh — 300 Al

a

de _ de  dn
dt — dh dt Mmi

= £ % 300

=240 (ms!) Al

[6 marks]

METHOD 3

z? = 600° + h? Ml

205 = 2h L 414l

when & = 800, x =1000

L - 3% X% Mial

=240 (ms™!) A1

[6 marks]

METHOD 4

Distance between the observer and the rocket = (6007 + 8002)% =1000 MIAI
Component of the velocity in the line of sight = sin 8 x 300
(where 6 = angle of elevation) M1A41

sinf = % Al

component = 240 (ms™!) A7

[6 marks]

Examiners report

Questions of this type are often open to various approaches, but most full solutions require the application of ‘related rates of change’. Although
most candidates realised this, their success rate was low. This was particularly apparent in approaches involving trigonometric functions. Some

candidates assumed constant speed — this gained some small credit. Candidates should be encouraged to state what their symbols stand for.

A particle moves such that its velocity v ms ! is related to its displacement s m, by the equation v(s) = arctan(sin s), 0 < s < 1. The particle’s

acceleration is a ms 2.



a. Find the particle’s acceleration in terms of s. [4]

b. Using an appropriate sketch graph, find the particle’s displacement when its acceleration is 0.25 ms 2. [2]

Markscheme

a. dv = -85 Mm1A1

ds sin?s+1

dv
a=vg (M1)

arctan(sin s) cos s

sins+1

[4 marks]

b. EITHER

0.75

V=alsp

055 (M1)

0.3 1

OR

y=ol)-025 / : ____\\\ (M1)

THEN
s =0.296, 0.918 (m) A1

[2 marks]

Examiners report

ds dv dv

dv e
T Ydse

a. In part (a), a large number of candidates thought that % =5 rather than % =g X%

b. In part (b), quite a few of these candidates then went on to find a value of s that was outside the domain 0 < s < 1.

The function f'has inverse f ! and derivative f'(z) for all z € R. For all functions with these properties you are given the result that for a € R

with b = f(a) and f'(a) # 0



(f'®) = :
f'(a)
a. Verify that this is true for f(z) = 2° + 1 atx=2. [6]
b. Given that g(z) = ze™, show that ¢’(z) > 0 for all values of x. [3]
c. Using the result given at the start of the question, find the value of the gradient function of y = g~!(z) at x = 2. [4]
d. (i) With fand g as defined in parts (a) and (b), solve g o f(z) = 2. [6]
(i) Leth(z) = (go f) !(x). Find A'(2).
Markscheme
a f2)=9 (4l

Note: The last M1 and A1 are independent of previous marks.

[6 marks]
b. ¢'(z) = e +2z%" MIAI

g'(z) > 0 as each part is positive ~RI

[3 marks]
c. to find the x-coordinate on y = g(z) solve
2 =ze® (M)
z = 0.89605022078 ... (41)
gradient = (g71)/(2) = g/((lslT..) (M1)
= ! =0.172t03sf Al

o(0:896..)? <1+2><(0.896. . .)2>
(using the % function on gdc ¢’(0.896...) = 5.7716028.. ..

1
7'(0.896..) 0.173

[4 marks]
d (i) (2*+ l)e(g”SH)2 =2 Al

z=—-0470191... AI

(i) METHOD 1
(g0 ) (z) = 322"+’ (2(903 +1)7+ 1) (MI)(AD)
(go f)(—0.470191...) = 3.85755... (Al)

K (2) = 55— = 0.259 (232...) Al

Note: The solution can be found without the student obtaining the explicit form of the composite function.



METHOD 2
h(z) = (JH og)(z) Al

W(z) = (1) (97 () x (97) (@) M1
é(g ~1) T (g ><x> M1
W(2) = ( 1(2) 1) x (g 1)(2)

= 1(0.89605... — 1) x 0.171933....

=0.259 (232...) A1 N4
[6 marks]

Examiners report

a. There were many good attempts at parts (a) and (b), although in (b) many were unable to give a thorough justification.
b. There were many good attempts at parts (a) and (b), although in (b) many were unable to give a thorough justification.
¢. Few good solutions to parts (c) and (d)(ii) were seen although many were able to answer (d)(i) correctly.

d. Few good solutions to parts (c) and (d)(ii) were seen although many were able to answer (d)(i) correctly.

A family of cubic functions is defined as f(z) = k?z> — kz® + z, k€ Z* .

(a) Express in terms of k

(i) f'x(z) and f"4(2) ;

(i1)  the coordinates of the points of inflexion P, on the graphs of f, .

(b) Show that all Py lie on a straight line and state its equation.

(¢) Show that for all values of &, the tangents to the graphs of fj at P are parallel, and find the equation of the tangent lines.

Markscheme

@ () f(z)=3Ka22—2kz+1 Al

" (z) = 6k?x —2k Al

(if)  Setting f"(z) =0 Ml
=6k —2k=0=>z=2% Al

2 s 13k2 1
(&) =# (%) ~*(w) +(x)
7
. 1 7
Hence, Py is (3—k,2—7k>
[6 marks]

(b)  Equation of the straight line is y = %m Al

As this equation is independent of £, all P, lie on this straight line ~ R1



[2 marks]

(¢)  Gradient of tangent at P, :
2
PR = (3) =3k (%) —2k(F) +1=3 M4z

As the gradient is independent of %, the tangents are parallel. ~ RI

72 1 1
TE =3 Xy te=c=o¢ (Al)

The equation is y = %a: + 2—% Al
[5 marks]
Total [13 marks]

Examiners report

Many candidates scored the full 6 marks for part (a). The main mistake evidenced was to treat £ as a variable, and hence use the product rule to
differentiate. Of the many candidates who attempted parts (b) and (c), few scored the R1 marks in either part, but did manage to get the equations

of the straight lines.

T m

A triangle is formed by the three lines y = 10 — 2z, y = mx and y = L 2, where m > %

Find the value of m for which the area of the triangle is a minimum.

Markscheme

attempt to find intersections M1

intersections are( 10 10'”) and ( 10m —%) AlAl

m+2? m+2 2m—1"
. 1 100-+100m2 v/100-+100m2
area of triangle = = x V100+ 100 00+100m”  M14141
2 (m+2) (2m—1)
50(1+m?)

= m+2)(2m-1)
minimum whenm =3 (M)Al
[8 marks]

Examiners report

Most candidates had difficulties with this question and did not go beyond the determination of the intersection points of the lines; in a few cases

candidates set up the expression of the area, in some cases using unsimplified expressions of the coordinates.

1

A particle moves in a straight line such that its velocity, vms™" , at time t seconds, is given by

5—(t—2)° 0<t<4
v(t) = ; .
3—5, t>4

a. Find the value of ¢ when the particle is instantaneously at rest. [2]



b. The particle returns to its initial position at ¢ = T. [5]

Find the value of T.

Markscheme

a3-5=0=t=6(s) (M1)AT

Note: Award AO if either t = —0.236 or t = 4.24 or both are stated with t = 6.
[2 marks]

b. let d be the distance travelled before coming to rest

d=[/5—(t—2)°dt+ [ 3~ Ldt (M)A

Note: Award M1 for two correct integrals even if the integration limits are incorrect. The second integral can be specified as the area of a
triangle.

d=2% (=15.7) (m) (A1)

attempting to solve fGT (% — 3) dt = % (or equivalent) for T M1
T=139(s) At

[5 marks]

Total [7 marks]

Examiners report

a. Part (a) was not done as well as expected. A large number of candidates attempted to solve 5 — (¢t — 2)2 = 0 for t. Some candidates attempted

to find when the particle’s acceleration was zero.

b. Most candidates had difficulty with part (b) with a variety of errors committed. A significant proportion of candidates did not understand what was
required. Many candidates worked with indefinite integrals rather than with definite integrals. Only a small percentage of candidates started by
correctly finding the distance travelled by the particle before coming to rest. The occasional candidate made adroit use of a GDC and found the

correct value of t by finding where the graph of f04 5—(t— 2)2dt + ff 3 - %dt crossed the horizontal axis.

Let f(z) = 22 where 0 < b < a.

ae®+b’
(a) Show that f'(z) = %;

(b) Hence justify that the graph of f'has no local maxima or minima.
(c) Given that the graph of f'has a point of inflexion, find its coordinates.
(d) Show that the graph of f'has exactly two asymptotes.

(¢) Leta=4andb=1. Consider the region R enclosed by the graph of y = f(x), the y-axis and the line with equation y = %



Find the volume ¥ of the solid obtained when R is rotated through 27 about the x-axis.

Markscheme

be” (ae®+b)—ae® (a+be”)

(ae®+b)° MiAl

!/
@ fl(z) =
2z | 12 % 2.z 2z
_ abe™+be 7(13 —abe Al
(ae®+b)
(b27a2)ez
(ae™+b)

[3 marks]

(b) EITHER

fl(z)=0= (1 —a*)e*=0=b=2aore®* =0 Al

which is impossibleas 0 < b < aande® > 0forallz €¢ R RI1

OR

f'(z) <Oforallz € Rsince0 <b<aande® >0forallz € R AIRI
OR

f'(x) cannot be equal to zero because e” is never equal to zero  AIR1

[2 marks|

(c) EITHER

f”(IL') _ (b2—a2)e”(aez+b()2;il;i(aez-&-b)(bz—a?)ew MiAlAl

Note: Award A1 for each term in the numerator.

(6% —a?)e® (ae®+b—2ae?)
(aez-'rb)3

_ (P—a?)(b—ae”)e”
(ae“‘“rb)3

OR
f'(x) = (b* — a*)e”(ae” +b)
f"(x) = (b — a*)e®(ae® + b) 2 + (b* — a?)e*(—2ae”)(ae® +b) 2 MIAIAL

Note: Award A1 for each term.

= (b% — a?)e”(ae” + b) 3 ((ae® + b) — 2ae”)

= (b® — a?®)e*(ae® + b) 3 (b — ae?)

THEN

f'(2)=0=>b—ae®*=0=>z=Inl Ml

f (ln g) =)

) 252
coordinates are (In &, 2+
a 2ab

[6 marks]



(d) lim f(z) = = y =  horizontal asymptote A1
lim f(z) = £ = y = 2 horizontal asymptote A1

r—+00

0<b<a= ae®+b>0forall z € R (accept ae® + b # 0)
so no vertical asymptotes R1

Note: Statement on vertical asymptote must be seen for R1.

[3 marks]

_ 4+4e”
© y=g1
y= % Sr= ln% (or 1.25t0 3sf) (MI1)(AL)
nt @\ 2
V=7rf01 2<(44+ﬁ) _i) dz (MDAI
—1.09(3sh) Al N4

[5 marks]

Total [19 marks]

Examiners report

This question was well attempted by many candidates. In some cases, candidates who skipped other questions still answered, with some success,
parts of this question. Part (a) was in general well done but in (b) candidates found difficulty in justifying that f’(x) was non-zero. Performance in
part (c) was mixed: it was pleasing to see good levels of algebraic ability of good candidates who successfully answered this question; weaker
candidates found the simplification required difficult. There were very few good answers to part (d) which showed the weaknesses of most
candidates in dealing with the concept of asymptotes. In part (¢) there were a large number of good attempts, with many candidates evaluating

correctly the limits of the integral and a smaller number scoring full marks in this part.

Points A, B and T lie on a line on an indoor soccer field. The goal, [AB] , is 2 metres wide. A player situated at point P kicks a ball at the goal. [PT] is
perpendicular to (AB) and is 6 metres from a parallel line through the centre of [AB] . Let PT be & metros and let o = APB measured in degrees.

Assume that the ball travels along the floor.



The maximum for tan « gives the maximum for a.

a. Find the value of & when z = 10. [4]
b. Show that tan o = % [4]
c. () Find & (tana). [11]
(i)  Hence or otherwise find the value of & such that % (tana) = 0.
(i)  Find dd—;(tan o) and hence show that the value of a never exceeds 10°.
d. Find the set of values of & for which o > 7°. [3]

Markscheme

a. EITHER

a = arctan - — arctan — (= 34.992...° — 26.5651...°)  (M1)(A1)(A1)

Note: Award (M1) for o = APT — BPT, (A1) for a correct APT and (A1) for a correct BPT.
OR
a = arctan 2 — arctan = (= 63.434...° — 55.008...°)  (M1)(A1)(A1)

Note: Award (M1) fora« = PBT — PAT, (A1) for a correct PBT and (A1) for a correct PAT.
OR

125+149—-4

o) MOATAY

a = arccos(

Note: Award (M1) for use of cosine rule, (A1) for a correct numerator and (A1) for a correct denominator.
THEN
=8.43° A1

[4 marks]

b. EITHER

alo

77
tana = ———— M1A1A1

1 (3)(3)

7
T



Note: Award M1 for use of tan(A — B), A1 for a correct numerator and A7 for a correct denominator.

2
T

= — M1

35
1+2
22

OR

tana = ——— M1A1A1

1(5)(3)

Note: Award M1 for use of xxx, A1 for a correct numerator and A7 for a correct denominator.

BIEY
s

s

35
- T M
1+%
OR
2
cosa = —215____ m1A1
(x2425)(z2+49)

Note: Award M1 for either use of the cosine rule or use of cos(4A — B).

. 2.
sma—x A1
(z*+25)(z*+49)
2z

(22+25)(x2+49)

tana = Vz— M1
22+35

(22+25)(22+49)

THEN

2z
tana = poTs AG

[4 marks]

- () d%(tana) _ 2atH35)-(22)(22) ( 70-22?

(2%+35)° (z2+35)2> M1A1A1

Note: Award M1 for attempting product or quotient rule differentiation, A7 for a correct numerator and A1 for a correct denominator.
(i) METHOD 1

EITHER

%(tana) =0="70-2z2=0 (M1)

z =+/35 (m) (=5.9161... (m)) A1

tana = (=0.16903...) (A1)

L
V35
OR

attempting to locate the stationary point on the graph of

2z

tana = 72135 (M1)
2 =5.9161... (m) (: V35 (m)) At
tana = 0.16903... (: %) (A1)
THEN
a =959 A1
METHOD 2
EITHER
2T da 70—2x2
o = arctan(z2+35) s = m M1

% =0=z=1/35(m) (= 59161 (m)) A1

OR



attempting to locate the stationary point on the graph of

_ 2z
a= arctan<m> (M1)

z =5.9161... (m) (: \/ﬁ(m)) At

THEN
_ — L
o =0.1674. .. (_ arctan m) (A1)
=9.59° A1
(i) dd—l(tan Oé) _ (m2+25)2(—430)—(2)(2x)5352+35)(70—2:v2) (_ 439(302—1035)) M1AT
< («2+35) (z2+35)

substituting z = +/35 (= 5.9161.. .) into dd—;(tan a) M1

2

%(tan a) < 0 (= —0.004829...) and so o = 9.59° is the maximum value of &  R1
a never exceeds 10°  AG

[11 marks]

. 2z o
d. attempting to solve e >tan7 (M1)

Note: Award (M1) for attempting to solve % = tan7°.

r=2.55andz = 13.7 (A1)
255 <z <13.7(m) A1

[3 marks]

Examiners report

a. This question was generally accessible to a large majority of candidates. It was pleasing to see a number of different (and quite clever)

trigonometric methods successfully employed to answer part (a) and part (b).

b. This question was generally accessible to a large majority of candidates. It was pleasing to see a number of different (and quite clever)

trigonometric methods successfully employed to answer part (a) and part (b).

c. The early parts of part (c) were generally well done. In part (c) (i), a few candidates correctly found %(tan @) in unsimplified form but then

committed an algebraic error when endeavouring to simplify further. A few candidates merely stated that d%(tan a) = sec’a.

Part (c) (ii) was reasonably well done with a large number of candidates understanding what was required to find the correct value of « in degrees.

2
In part (c)(iii), a reasonable number of candidates were able to successfully find % (tan &) in unsimplified form. Some however attempted to solve
d2
da?

2
(tan a) = 0 for x rather than examine the value of % (tana) at x = v/35.
d. Part (d), which required use of a GCD to determine an inequality, was surprisingly often omitted by candidates. Of the candidates who attempted
this part, a number stated that > 2.55. Quite a sizeable proportion of candidates who obtained the correct inequality did not express their

answer to 3 significant figures.



A lighthouse L is located offshore, 500 metres from the nearest point P on a long straight shoreline. The narrow beam of light from the lighthouse
rotates at a constant rate of 87 radians per minute, producing an illuminated spot S that moves along the shoreline. You may assume that the

height of the lighthouse can be ignored and that the beam of light lies in the horizontal plane defined by sea level.

o e o e o o o

P shoreline S

When S is 2000 metres from P,
(a) show that the speed of S, correct to three significant figures, is 214 000 metres per minute;

(b) find the acceleration of S.

Markscheme

(a) the distance of the spot from P is z = 500tan 8 A1
the speed of the spot is

< = 500sec’0< (= 40007sec’d) MIAI

when & = 2000, sec?0 = 17 (6 = 1.32581...) (% = 8r)

= & =500 x 17 x 87 MIAI

speed is 214 000 (metres per minute) AG

Note: If their displayed answer does not round to 214 000, they lose the final A1.
2
(b) % = 80007sec?d tan 0% or 500 x 2sec’dtan 9(%) MIiAl
- d%
since — =0
dt?
= 43000000 ( = 4.30 x 107) (metres per minute?) Al

[8 marks]

Examiners report

This was a wordy question with a clear diagram, requiring candidates to state variables and do some calculus. Very few responded appropriately.



Using the substitution £ = 2sin 8 , show that
/\/4 — z’dz = Az+/4 — z° + Barcsin % + constant ,

where A and B are constants whose values you are required to find.

Markscheme
f\/mdw

= 2sin6

dz = 2cosfdf Al

= [V/4 — 4sin®0 x 2cos0d0 MIAI
= [2cos§x2cos 6d0
=4 [ cos?6d6
now [ cos?6d6
= [ (3eos20+ 3)do M4l
_ in 20 1
= (ST + 50) Al
so original integral
= 25in 26 + 20

= 2sinfcos 6 + 20

= (2 X % X \/4;E2) —|—2arcsin<%)

— =z 427“72 —|—2arcsin<%> +C AlAl

Note: Do not penalise omission of C'.
1
(4=3 B=2)

[8 marks]

Examiners report

For many candidates this was an all or nothing question. Examiners were surprised at the number of candidates who were unable to change the
variable in the integral using the given substitution. Another stumbling block, for some candidates, was a lack of care with the application of the
trigonometric version of Pythagoras' Theorem to reduce the integrand to a multiple of cos?6 . However, candidates who obtained the latter were

generally successful in completing the question.

A particle moves in a straight line in a positive direction from a fixed point O.

The velocity vm s~ | at time 7 seconds, where ¢ > 0 , satisfies the differential equation



dv _ —v(1+v2)
dt 50
1

The particle starts from O with an initial velocity of 10 ms™ .

(@) (i) Express as a definite integral, the time taken for the particle’s velocity to decrease from 10 ms~!to Sms!.

(i) Hence calculate the time taken for the particle’s velocity to decrease from 10 ms~'to Sms~!.

(b) () Show that, when v > 0, the motion of this particle can also be described by the differential equation % = 7(15—?)2) where x metres is

the displacement from O.

(i)  Given that v =10 when x = 0, solve the differential equation expressing x in terms of v.
10—tan —
50

iiil) Hence show thatv = ———=-.
(iii) ence show that v 10t 2

Markscheme

(a) (i) EITHER

Attempting to separate the variables (M1)

dv dt
—h — 0 AD
OR
Inverting to obtain g—z M1)

dt 50
A o(l+?) (4D
THEN
5 1 10 1

(i) ¢ =0.732 (sec) (: 251n}_g‘1‘(sec)) A2 N2

[5 marks]
Nodv o d
® O L—vi
Must see division by v (v > 0) Al

dv _ —(140%)
o =—5%— AG NO

(i)  Either attempting to separate variables or inverting to obtain i—z (M1)
%7 = —5—10 [ dz (or equivalent) A1

Attempting to integrate both sides M1
arctanv = —59”—0 +C AlAl
Note: Award A1 for a correct LHS and A1 for a correct RHS that must include C.

Whenz =0,v=10and so C = arctan10 M]I
z = 50(arctan 10 — arctanv) A1 NI

(iii))  Attempting to make arctan v the subject. M1

arctanv = arctan 10 — % Al

v = tan (arctan 10 — %) MIAI

Using tan(4 — B) formula to obtain the desired form. M1
10—tan =

v=——" AG NO
1+10tan %5

[14 marks]
Total [19 marks]

Examiners report



No comment.

Find the gradient of the curve €*¥ + In (y2) + e¥ =1 + e at the point (0, 1) .

Markscheme

e””y—i—ln(y?) +e¥=1+e

d; d; d
e (y+tof)+2E e =0,a0,1) Al4IA1A1A]

dy

@ =0

dy
1(1+0)+2a+e

dy dy
1+ 25 + e = 0
Lo L (=-0212) MIAI N2
[7 marks]

Examiners report

Implicit differentiation is usually found to be difficult, but on this occasion there were many correct solutions. There were also a number of errors

in the differentiation of e*¥ , and although these often led to the correct final answer, marks could not be awarded.

A water trough which is 10 metres long has a uniform cross-section in the shape of a semicircle with radius 0.5 metres. It is partly filled with water as

shown in the following diagram of the cross-section. The centre of the circle is O and the angle KOL is € radians.

diagram not to scale

The volume of water is increasing at a constant rate of 0.0008 m3s .

a. Find an expression for the volume of water V' (m3) in the trough in terms of 6. [3]

dé T
b. Calculate -z when 0= 3 [4]

Markscheme

a. area of segment = % x 0.52 x (6 —sinf) M1A1



V = area of segment x 10
V=2(6-sing) Af
[3 marks]

b. METHOD 1

dVv 5 do
e = Z(l — COSG)E M1A1

0.0008 = 3 (1-cos ) 5

& =0.00128 (rads!) A1

METHOD 2

do _ do av
dt — dV dt

% = %(1 —cosf) A1

(M1)

dé 4x0.0008
40 _ 2008 g

dt 5(17005%) (1)

dé 4 —

& = 000128 (57 ) (rad s71) A1

[4 marks]

Examiners report

o INA
b, [N/A]

The diagram below shows two concentric circles with centre O and radii 2 cm and 4 cm.

The points P and Q lie on the larger circle and POQ =z ,where 0 < z < % .

diagram not to
scale

(a) Show that the area of the shaded region is 8 sinx — 2x .

(b) Find the maximum area of the shaded region.

Markscheme



(a) shaded area area of triangle area of sector, i.e. (M1)

(é x 42 sina:) - (%2%) — 8sinz — 2z AIAIAG

(b) EITHER
any method from GDC gaining z ~ 1.32 (M1)(A1)
maximum value for given domain is 5.11 42

OR

%zScosx—2 Al
set%:o,henceSCosx72:0 Ml
cosw:%:>w%1.32 Al

hence A, = 5.11 Al

[7 marks|

Examiners report

Generally a well answered question.

An earth satellite moves in a path that can be described by the curve 72.5z% + 71.5y* = 1 where z = z(t) and y = y(t) are in thousands of

kilometres and t is time in seconds.

. _ d
Given that i—f =7.75 x 107° when z = 3.2 x 1073, find the possible values of d—lt/.

Give your answers in standard form.

Markscheme

METHOD 1

substituting for  and attempting to solve for y (or vice versa) (M1)
y=(£)0.11821... (A1)
EITHER

dy dy 145z
1450 + 143yg8 =0 (£ = 152 ) M1A1
OR
dx dy
THEN

d 145(3.2x107°
attempting to find i—f ( Y ( )

-5

Y 4213x10°° A1



Note: Award all marks except the final A7 to candidates who do not consider =+.

METHOD 2

y= (£)y/ o M1A1

2 = (£)0.0274... (M1)(A1)

N (£)0.0274... x T.75 x 1075 (M1)

dy

— -6
F=4213x10° A1

Note: Award all marks except the final A7 to candidates who do not consider =+.

[6 marks]

Examiners report

[N/A]

e” cosz In(z+e)

Find the equation of the normal to the curve y = @iy
T

at the point where = 0.

In your answer give the value of the gradient, of the normal, to three decimal places.

Markscheme
xr=0=y=1 (A1)

y'(0) = 1.367879... (M1)(A1)

Note: The exact answer is y'(0) = =1+ %

— —0.731058...) (M1)(A1)

. . -1
so gradient of normal is 1o=o— (

equation of normalisy = —0.731058... 2z +c (M1)
givesy = —0.731z +1 A1

Note: The exactanswerisy = ——cz + 1.

Accepty — 1 = —0.731058... (z — 0)

[7 marks]

Examiners report



Surprisingly many candidates ignored that fact that paper 2 is a calculator paper, attempted an algebraic approach and wasted lots of time.
Candidates that used the GDC were in general successful and achieved 7/7. A number of candidates either found the equation of the tangent or used

the positive reciprocal for the normal and many did not find the value of y corresponding to f(0).

Sand is being poured to form a cone of height A cm and base radius » cm. The height remains equal to the base radius at all times. The height of

the cone is increasing at a rate of 0.5 cm min L.

3

Find the rate at which sand is being poured, in cm® min~!, when the height is 4 cm.

Markscheme

METHOD 1

volume of a cone is V = ém’zh

givenh=r, V=17h® MI

S=rh® (A

when h = 4, % =7 x4*x0.5 (using% = % X %) MIAl
v _ — 3 min—1

5 =8m(=25.1) (cm’min~') Al

METHOD 2

volume of a cone is V = %mzh

givenh=r, V= %ﬂ'h?’ Ml

L —lrxsh®x L 41

whenh =4, &L =7 x 4* x 0.5  MIAI

& = 8r (=25.1) (cm®min')  AI

METHOD 3

V= %mﬂh

av 1 dr | 2dh

S =3 (2rnp 472 M4l

Note: Award M1 for attempted implicit differentiation and A1 for each correct term on the RHS.

whenh=4,r=4, &L =21 (2x4x4x05+4>x05) MIAI
av _ - 3 min—1
5 =8m(=25.1) (cm®min~') Al

[5 marks]

Examiners report

IN/A]

By using the substitution z = sint , find [ fﬁzdw .
—I



Markscheme

x =sint, dx = costdt

3

[FE=dz=[ sin't _costdt M1

V1-z? V1-sin’t
= [sin’tdt (41)
=f sin’tsint dt

= [ (1 —cos’t)sintdt MIAl
= [sintdt — [cos*tsintdt
= —cost+ <t 4 O AlAl

- TTF A (VTP) w0 an
(= -vI=22(1-31-2%) +0C)

(: — VI =222+ ) + C)
[7 marks]

Examiners report

Just a few candidates got full marks in this question. Substitution was usually incorrectly done and lead to wrong results. A cosine term in the
denominator was a popular error. Candidates often chose unhelpful trigonometric identities and attempted integration by parts. Results such as

[ sin3t dt = Si%ft + C were often seen along with other misconceptions concerning the manipulation/simplification of integrals were also noticed.
Some candidates unsatisfactorily attempted to use arcsin . However, there were some good solutions involving an expression for the cube of

sint in terms of sin ¢ and sin 3¢ . Very few candidates re-expressed their final result in terms of x.

A cone has height / and base radius » . Deduce the formula for the volume of this cone by rotating the triangular region, enclosed by the line

y=h— %m and the coordinate axes, through 27 about the y-axis.

Markscheme

z=r—yyorz = +(h—y) (orequivalent) (41)
[rz*dy

e fl (- 2v) ay Mraz

Note: Award M1 for [ x?dy and A1 for correct expression.

2 2
Accept 7rf0h (%y - r) dy and 7rf0h <:|: (r - %a})) dz

= wfoh <r2 - %y + Z—zy2> dy Al

Note: Accept substitution method and apply markscheme to corresponding steps.

2 2 2.37h
:w[rl’y— T %} MIAL
0



Note: Award M1 for attempted integration of any quadratic trinomial.

=7 (r2h —r?h + %r2h) MIAl

Note: Award M1 for attempted substitution of limits in a trinomial.

= %m’zh Al
Note: Throughout the question do not penalize missing dx/dy as long as the integrations are done with respect to correct variable.

[9 marks]

Examiners report

Most candidates attempted this question using either the formula given in the information booklet or the disk method. However, many were not
successful, either because they started off with the incorrect expression or incorrect integration limits or even attempted to integrate the correct

expression with respect to the incorrect variable.

Two non-intersecting circles C; , containing points M and S , and C, , containing points N and R, have centres P and Q where PQ = 50 . The line
segments [MN] and [SR] are common tangents to the circles. The size of the reflex angle MPS is a, the size of the obtuse angle NQR is 5, and

the size of the angle MPQ is 6 . The arc length MS is [; and the arc length NR is [, . This information is represented in the diagram below.

M

3 i diagram not to
scale

The radius of C; is  , where « > 10 and the radius of C, is 10.

(a) Explain why < 40 .

(b)  Show that cosd =x —10 50.
(¢) (1) Find an expression for MN in terms of z .
(il)  Find the value of 2 that maximises MN.
(d) Find an expression in terms of & for
» o
i) 8.
(e) The length of the perimeter is given by I; + I, + MN + SR.
(i) Find an expression, b(z) , for the length of the perimeter in terms of z .

(il) Find the maximum value of the length of the perimeter.



(iii)  Find the value of z that gives a perimeter of length 200.

Markscheme

(a) PQ = 50 and non-intersecting RI1

[1 mark]

(b)  aconstruction QT (where T is on the radius MP), parallel to MN, so that QTM = 90° (angle between tangent and radius = 90°) M1
lengths 50, x — 10 and angle § marked on a diagram, or equivalent RI
Note: Other construction lines are possible.

[2 marks]

(¢) () MN=,/50%—(z—10)°> AI

(i1) maximum for MN occurs when z = 10 A1

[2 marks]

d () a=2r—20 Ml
:27r—2arccos<z;—0w> Al

(i) B=2r—a (=20) Al

=2 (cos’1 (z;()l())) Al

[4 marks]

() () b(x)==za+108+24/502— (z —10)° AIAIAI
— (271' ~2 (cos? (””;—010))) +20 ((cos*1 (””;—010))) +24/502 = (z — 10)>  MIAI

(1) maximum value of perimeter = 276 A2

(iil)  perimeter of 200 cm b(z) = 200 (M)
whenz =21.2 Al
[9 marks]

Total [18 marks]

Examiners report

This is not an inherently difficult question, but candidates either made heavy weather of it or avoided it almost entirely. The key to answering the
question is in obtaining the displayed answer to part (b), for which a construction line parallel to MN through Q is required. Diagrams seen by
examiners on some scripts tend to suggest that the perpendicularity property of a tangent to a circle and the associated radius is not as firmly

known as they had expected. Some candidates mixed radians and degrees in their expressions.



A straight street of width 20 metres is bounded on its parallel sides by two vertical walls, one of height 13 metres, the other of height 8 metres.

The intensity of light at point P at ground level on the street is proportional to the angle # where # = APB, as shown in the diagram.

diagram not to scale

B
\A
&m 13 m
5]
P
20m

a. Find an expression for 6 in terms of x, where x is the distance of P from the base of the wall of height 8 m.
b. (i) Calculate the value of @ when x = 0.

(i)  Calculate the value of 8 when x = 20.
c. Sketch the graph of 6, for 0 < = < 20.

5(744—64z—z?)
(2%+64) (2% —402+569) °

d. Show that g—z =

e. Using the result in part (d), or otherwise, determine the value of x corresponding to the maximum light intensity at P. Give your answer to
four significant figures.

f. The point P moves across the street with speed 0.5 ms ™. Determine the rate of change of § with respect to time when P is at the midpoint

of the street.

Markscheme

a. EITHER

0=m— arctan(%) - arctan( 13

20_36) (or equivalent) M1A41

Note: Accept § = 180° — arctan(%) - arctan( 13

== ) (or equivalent).

OR

0= arctan(%) + arctan<2(i;I> (or equivalent) MIAI

[2 marks]

b. (i) 6=0.994 (: arctan %) Al

(i) 6=119 (: arctang) Al

[2 marks]

2]

2]

[2]

[6]

(3]

[4]



c. correct shape. A1

correct domain indicated. A1

1;

[2 marks]
d. attempting to differentiate one arctan(f(x)) term M1

EITHER

0=m— arctan(%) — arctan(ml—i)

o _ 8 1 13 !

4o _ 8« - — 5 X > AIAIl
dz 22 1+(;) (20—=z) 1+(20131)

OR

0= arctan(%) + arctan(ml—;z>

1 1

49 __5 B AlAI
T ()

THEN

_ 8 13 Al

z2+64 569—40z-+x2

_ 8(569—40z+2?)—13(22+64)
T (2%464) (22 —402+569) MIAl

5(744—64z—z2)

= (27164)(a” 4021 569) AG

[6 marks]

e. Maximum light intensity at P occurs when 9 —o. M1
dz

either attempting to solve % = 0 for x or using the graph of either 6 or % M1)
x=10.05(m) Al
[3 marks]

f. =05 (40

_ dé _ 5
Atx=10, % — 0.000453 (_ m) (Al)

o _ do . dz
use of i = a X @ Ml

0 5 _
9 _ 0.000227 (: m) (rads™!) Al

. dz _ a0 _ . 5
Note: Award (41) for d—’t” = —0.5 and A1 for &= —0.000227 (— ——22058> .

Note: Implicit differentiation can be used to find %. Award as above.



[4 marks]

Examiners report

a. Part (a) was reasonably well done. While many candidates exhibited sound trigonometric knowledge to correctly express € in terms of x, many
other candidates were not able to use elementary trigonometry to formulate the required expression for 6.

b. In part (b), a large number of candidates did not realize that 8 could only be acute and gave obtuse angle values for 8. Many candidates also
demonstrated a lack of insight when substituting endpoint x-values into 6.

c. In part (c), many candidates sketched either inaccurate or implausible graphs.

d. In part (d), a large number of candidates started their differentiation incorrectly by failing to use the chain rule correctly.

e. For a question part situated at the end of the paper, part (¢) was reasonably well done. A large number of candidates demonstrated a sound
knowledge of finding where the maximum value of 8 occurred and rejected solutions that were not physically feasible.

f. In part (f), many candidates were able to link the required rates, however only a few candidates were able to successfully apply the chain rule

in a related rates context.

An electricity station is on the edge of a straight coastline. A lighthouse is located in the sea 200 m from the electricity station. The angle between
the coastline and the line joining the lighthouse with the electricity station is 60°. A cable needs to be laid connecting the lighthouse to the
electricity station. It is decided to lay the cable in a straight line to the coast and then along the coast to the electricity station. The length of cable

laid along the coastline is x metres. This information is illustrated in the diagram below.

lighthouse | |

electricity station



The cost of laying the cable along the sea bed is US$80 per metre, and the cost of laying it on land is US$20 per metre.

a. Find, in terms of x, an expression for the cost of laying the cable. [4]

b. Find the value of x, to the nearest metre, such that this cost is minimized. [2]

Markscheme

a. let the distance the cable is laid along the seabed be y

y? =x? + 2002 — 2 x z x 200 cos60° (M1)
(or equivalent method)

y? = 22 — 200z + 40000 (A1)
cost=C=80y+20x (MI)

C = 80(2? — 200z + 40000)% + 20z Al

[4 marks]

b. £ = 55.2786 ... = 55 (m to the nearest metre) (41)Al
(= = 100 - v2000)
[2 marks]

Examiners report

a. Some surprising misconceptions were evident here, using right angled trigonometry in non right angled triangles etc. Those that used the

cosine rule, usually managed to obtain the correct answer to part (a).

b. Some surprising misconceptions were evident here, using right angled trigonometry in non right angled triangles etc. Many students attempted

to find the value of the minimum algebraically instead of the simple calculator solution.

a. Sketch the curve y = %, — 4 < z < 4 showing clearly the coordinates of the x-intercepts, any maximum points and any minimum [4]
points.

b. Write down the gradient of the curveatx=1. (1]

c. Find the equation of the normal to the curve atx=1 . [3]

Markscheme



(i '$7,0) A1A1A1A1

> X

¥
4

(-2-84 ~0:217) (2294, -0~ 21%7)

Note: Award A1 for correct shape. Do not penalise if too large a domain is used,
A1 for correct x-intercepts,
Al for correct coordinates of two minimum points,
A1 for correct coordinates of maximum point.
Accept answers which correctly indicate the position of the intercepts, maximum point and minimum points.
[4 marks]
b. gradientatx=11is-0.786 A1
[1 mark]
c. gradient of normal is %7135 (=1.272...) (4D

whenx=1,y=0.3820... (41)

Equation of normal is y — 0.382 =127(x— 1) Al
(= y=1.27z — 0.890)

[3 marks]

Examiners report

a. Most candidates were able to make a meaningful start to this question, but many made errors along the way and hence only a relatively small
number of candidates gained full marks for the question. Common errors included trying to use degrees, rather than radians, trying to use
algebraic methods to find the gradient in part (b) and trying to find the equation of the tangent rather than the equation of the normal in part (c).

b. Most candidates were able to make a meaningful start to this question, but many made errors along the way and hence only a relatively small
number of candidates gained full marks for the question. Common errors included trying to use degrees, rather than radians, trying to use

algebraic methods to find the gradient in part (b) and trying to find the equation of the tangent rather than the equation of the normal in part (c).



¢. Most candidates were able to make a meaningful start to this question, but many made errors along the way and hence only a relatively small

number of candidates gained full marks for the question. Common errors included trying to use degrees, rather than radians, trying to use

algebraic methods to find the gradient in part (b) and trying to find the equation of the tangent rather than the equation of the normal in part (c).

A jet plane travels horizontally along a straight path for one minute, starting at time ¢ = 0, where ¢ is measured in seconds. The acceleration, a ,

measured in ms 2, of the jet plane is given by the straight line graph below.

n
15

g

o

g

E

3

S 0

< time 1 (s)

A —m —m —m —m = = =

a. Find an expression for the acceleration of the jet plane during this time, in terms of ¢ . (1]
b. Given that when ¢ = 0 the jet plane is travelling at 125 ms ™!, find its maximum velocity in ms~' during the minute that follows. [4]
c. Given that the jet plane breaks the sound barrier at 295 ms™!, find out for how long the jet plane is travelling greater than this speed. [3]

Markscheme

a. equation of line in graph a = —%t +15 Al

(a=—5t+15)
[1 mark]

dv 5
b. &= 2t 15 (M)

v=—2t?+15t+c (Al

whent =0,v =125 ms™!
v=—2t?+15t+125 Al

from graph or by finding time when a = 0

maximum = 395 ms' Al



[4 marks]

c. EITHER

AN L™

Peu®,

pE AN

graph drawn and intersection with v = 295 ms ' (MI)(Al)

I(t=57.91-14.09=43.8\) Al
OR
295 = — >-t? + 15t + 125 = ¢ = 57.91...; 14.09...

¢t =57.91... — 14.09... — 43.8 (8\/%) Al

[3 marks]

Examiners report

a. This question was well answered by a large number of candidates and indicated a good understanding of calculus, kinematics and use of the
graphing calculator. Some candidates worked in z and y rather than a, v and ¢ but mostly obtained correct solutions. Although the majority of

candidate used integration throughout the question some correct solutions were obtained by considering the areas in the diagram.

b. This question was well answered by a large number of candidates and indicated a good understanding of calculus, kinematics and use of the
graphing calculator. Some candidates worked in z and y rather than a, v and ¢ but mostly obtained correct solutions. Although the majority of

candidate used integration throughout the question some correct solutions were obtained by considering the areas in the diagram.

¢. This question was well answered by a large number of candidates and indicated a good understanding of calculus, kinematics and use of the
graphing calculator. Some candidates worked in z and y rather than a, v and ¢ but mostly obtained correct solutions. Although the majority of

candidate used integration throughout the question some correct solutions were obtained by considering the areas in the diagram.

A particle, A, is moving along a straight line. The velocity, v4 ms™, of A ¢ seconds after its motion begins is given by

2 |
&Y



vy =t — 5% + 6t.

a. Sketch the graph of vq = t3 — 5t2 + 6t for t > 0, with v4 on the vertical axis and # on the horizontal. Show on your sketch the local [3]

maximum and minimum points, and the intercepts with the #-axis.

b. Write down the times for which the velocity of the particle is increasing. 2]
¢. Write down the times for which the magnitude of the velocity of the particle is increasing. [3]
d. At ¢ =0 the particle is at point O on the line. [3]

Find an expression for the particle’s displacement,  4m, from O at time ¢.

e. A second particle, B, moving along the same line, has position zp m, velocity vp ms~ ! and acceleration, ag ms~2, where ap = —2vp for  [4]
t>0.Att =0, zp = 20 and vp = —20.

Find an expression for vp in terms of 7.

f. Find the value of # when the two particles meet. [6]

Markscheme

=y

(0-755 2.11)

AIAIAl

3 7k

(2 Sy

3

) 0‘630

Note: Award A1 for general shape, A1 for correct maximum and minimum, 41 for intercepts.
Note: Follow through applies to (b) and (c).

[3 marks]
b. 0 < ¢ < 0.785, (or0<t< —) Al

(allow t < 0.785)

andt >2.55 (ort > 57) 4l



[2 marks]
5-/7

e 0<t<0.785 (or0<t< ) Al

(allow ¢t < 0.785)

2 < ¢ < 2.55, (or2<t<5+T”) Al

t>3 Al
[3 marks]
d. positionof A: x4 = [t* — 5t + 6tdt (M)
zy=pth— 22+ 382 (+¢) Al
whent =0, z4 =0,s0c=0 RI
[3 marks]
e. dd_f = —2up = f%de = [—2dt (M)
Injvg| = —-2t+c (A1)
vg = Ae % (MI)
vg = —20 when t=0sovg = —20e 2 Al
[4 marks]
f. zp =10e 2(+c) (MI)(AI)
xp=20whent =0soxp =10e 2 410 (M)Al
meet when ¢4 — 23 + 32 = 10e % +10 (M)
t=4.41(200...) AI
[6 marks]

Examiners report

a. Part (a) was generally well done, although correct accuracy was often a problem.
b. Parts (b) and (c) were also generally quite well done.
c. Parts (b) and (c) were also generally quite well done.

d. A variety of approaches were seen in part (d) and many candidates were able to obtain at least 2 out of 3. A number missed to consider the +c,

thereby losing the last mark.

e. Surprisingly few candidates were able to solve part (e) correctly. Very few could recognise the easy variable separable differential equation. As

a consequence part (f) was frequently left.

f. Surprisingly few candidates were able to solve part (e) correctly. Very few could recognise the easy variable separable differential equation. As

a consequence part (f) was frequently left.



The function f'is defined by
flz) = (:L'3 + 622 4 3z — 10)%, forz € D,

where D C R is the greatest possible domain of f.

(a) Find the roots of f(z) = 0.

(b) Hence specify the set D.

(c) Find the coordinates of the local maximum on the graph y = f(z).
(d) Solve the equation f(x) = 3.

(e) Sketch the graph of |y| = f(z), for z € D.

(f)  Find the area of the region completely enclosed by the graph of |y| = f(x)

Markscheme

(a) solving to obtain one root: 1,—-2or—5 Al

obtain other roots A1

[2 marks]

(b) D==ze[-5 —2]U][l, oo) (or equivalent) MIAI

Note: M1 is for 1 finite and 1 infinite interval.
[2 marks]

(¢) coordinates of local maximum —3.73 — 2 — \/5, 3.221/6v3 AlAl
[2 marks]

(d) use GDC to obtain one root: 1.41,—3.18 or—4.23 Al

obtain other roots A1

[2 marks]

(e



AIAIAI

VH

Note: Award A1 for shape, A1 for max and for min clearly in correct places, A1 for all intercepts.

Award A140A40 if only the complete top half is shown.
[3 marks]

(f) required area is twice that of y = f(z) between—5and -2 MIAI
answer 149 A1 N3
Note: Award M140A0 for f__52 f(z)dz = 7.47... or NI for 7.47.

[3 marks]
Total [14 marks]

Examiners report

This was a multi-part question that was well answered by many candidates. The main difficulty was sketching the graph and this meant that the

last part was not well answered.



The function f'is defined on the domain [0, 2] by f(z) = In(z + 1) sin(7z) .

a. Obtain an expression for f'(z) . 3]
b. Sketch the graphs of fand f' on the same axes, showing clearly all x-intercepts. [4]
c. Find the x-coordinates of the two points of inflexion on the graph of f. [2]
d. Find the equation of the normal to the graph of f where x = 0.75 , giving your answer in the form y =mx + ¢ . [3]
e. Consider the points A (a, f(a)),B (b, f(b)) and C(c, f(c)) wherea, b and ¢ (a < b < ¢) are the solutions of the equation [6]
f(z) = f'(z) . Find the area of the triangle ABC.
Markscheme
a. f'(z) = %Hsin(ﬂ'x) + wln(z + 1) cos(rz) MI1AIAL
[3 marks]
b.

jA

A4

Note: Award A1A1 for graphs, A1A41 for intercepts.

[4 marks]
c. 0.310,1.12 A1A41

[2 marks]
d. f'(0.75) = —0.839092 Al

so equation of normal is y — 0.39570812 = m(x —0.75) Ml
y=119z — 0498 Al
[3 marks]
e. A(0, 0)
c d
=N —N—
B(0.548...,0.432...) Al



f
,_/eH ———
C(l44...,—0.881...) Al

Note: Accept coordinates for B and C rounded to 3 significant figures.

area AABC = 2 |(ci +dj) x (ei +fj)] MIAI
= %(de —cf) Al

=0.554 Al

[6 marks]

Examiners report

IN/A]
" IN/A]
" N/A]
" IN/A]
" IN/A]

® O O T o

Consider the graph of y = z +sin(z — 3), — 7w <z < 7.

a. Sketch the graph, clearly labelling the x and y intercepts with their values.

b. Find the area of the region bounded by the graph and the x and y axes.

Markscheme

(3]

2]



AIAIAL

Note: Award A1 for shape,
Al for x-intercept is 0.820, accept sin(—3) or — sin(3)

Al for y-intercept is —0.141.

[3 marks]
b. A= [ |z + sin(z — 3)| dz ~ 0.0816 sq units (MDAI

[2 marks]

Examiners report

a. Many candidates attempted this question successfully. In (a), however, a large number of candidates did not use the zoom feature of the GDC
to draw an accurate sketch of the given function. In (b), some candidates used the domain as the limits of the integral. Other candidates did not

take the absolute value of the integral.



b. Many candidates attempted this question successfully. In (a), however, a large number of candidates did not use the zoom feature of the GDC

to draw an accurate sketch of the given function. In (b), some candidates used the domain as the limits of the integral. Other candidates did not

take the absolute value of the integral.

Consider the curve with equation f(z) = e 2% forz < 0 .

Find the coordinates of the point of inflexion and justify that it is a point of inflexion.

Markscheme

METHOD 1

EITHER
Using the graph of y = f'(z) (M1)

N .

,J/ i]a.\'

The maximum of f'(z) occurs atx=-0.5. Al
OR
Using the graph of y = f"(z). (M1)

7N\ .

/
o a\{

The zero of f”(z) occurs atx =-0.5. Al



THEN

Note: Do not award this A1 for stating x = 0.5 as the final answer for x .

F(—0.5) = 0.607(= e %) A2

Note: Do not award this A1 for also stating (0.5, 0.607) as a coordinate.

EITHER
Correctly labelled graph of f'(z) for z < 0 denoting the maximum f'(z) RI
(e.g f'(—0.6) =1.17and f'(—0.4) = 1.16 stated) AI N2
OR
Correctly labelled graph of f”(z) for z < 0 denoting the maximum f'(z) RI
(e.g. f"(—0.6) = 0.857 and f"(—0.4) = —1.05 stated) AI N2
OR
1

£(0.5) ~ 1.21. f'(z) < 1.21 just to the left of z = —

and f'(z) < 1.21 just to the right of x = —% RI

(e.g. f'(—0.6) = 1.17 and f/(—0.4) = 1.16 stated) AI N2

OR

f"(z) > 0just to the left of z = —% and f"(z) < 0 just to the right of z = —% RI
(e.g. f"(—0.6) = 0.857 and f"(—0.4) = —1.05 stated) AI N2

[7 marks]

METHOD 2

fl(z) = —dge " Al

F'(z) = —4e 2 + 1622 2 (: (1622 — 4)e’2””2) Al

Attempting to solve f"(z) =0 (MI)

Note: Do not award this A7 for stating = :I:% as the final answer for x .

f (7%) = = (= 0607) 4l

Note: Do not award this A7 for also stating (%, ) as a coordinate.

L
Ve
EITHER

Correctly labelled graph of f'(z) for z < 0 denoting the maximum f'(z) RI
(e.g f'(—0.6) =1.17 and f'(—0.4) = 1.16 stated) A1 N2

OR

Correctly labelled graph of f”(x) for z < 0 denoting the maximum f’(z) RI
(e.g. f"(—0.6) = 0.857 and f"(—0.4) = —1.05 stated) AI N2

OR

f(0.5) = 1.21. f'(x) < 1.21 just to the left of x = —%

and f'(z) < 1.21 just to the right of z = —% RI



(eg f'(—0.6) =1.17and f'(—0.4) = 1.16 stated) AI N2

OR

f"(x) > 0 just to the left of z = —% and f"(z) < 0 just to the right of z = —% RI
(e.g. f"(—0.6) = 0.857 and f"(—0.4) = —1.05 stated) AI N2

[7 marks|

Examiners report

Most candidates adopted an algebraic approach rather than a graphical approach. Most candidates found f’(x) correctly, however when
attempting to find f”(x), a surprisingly large number either made algebraic errors using the product rule or seemingly used an incorrect form of

1

the product rule. A large number ignored the domain restriction and either expressed z = +3

as the x-coordinates of the point of inflection or

identified x = % rather than z = — % Most candidates were unsuccessful in their attempts to justify the existence of the point of inflection.

Below is a sketch of a Ferris wheel, an amusement park device carrying passengers around the rim of the wheel.

X

ground

(a) The circular Ferris wheel has a radius of 10 metres and is revolving at a rate of 3 radians per minute. Determine how fast a passenger on the
wheel is going vertically upwards when the passenger is at point A, 6 metres higher than the centre of the wheel, and is rising.

(b) The operator of the Ferris wheel stands directly below the centre such that the bottom of the Ferris wheel is level with his eyeline. As he
watches the passenger his line of sight makes an angle o with the horizontal. Find the rate of change of « at point A.

Markscheme

(@)



¥ —3 (A

dt

y=10sinf Al

dy

¥ = 10cos® M1

dy dy d¢

E:@E :30C050 M1

aty =6,cos0 = = (MI)(Al)

10
dy

= 5 = 24 (metres per minute) (accept 24.0) A1

[7 marks|

da 149
[3 marks|
Total [10 marks]

Examiners report

Many students were unable to get started with this question, and those that did were generally very poor at defining their variables at the start.

A particle moves in a straight line with velocity v metres per second. At any time ¢ seconds, 0 < t < ?% , the velocity is given by the differential

equation i—: +vP4+1=0.

It is also given that v=1 when =0 .

[V

o

. Find an expression for v in terms of ¢ .
. Sketch the graph of v against ¢, clearly showing the coordinates of any intercepts, and the equations of any asymptotes.

. (1)  Write down the time T at which the velocity is zero.
(i)  Find the distance travelled in the interval [0, 77 .

. Find an expression for s , the displacement, in terms of ¢, given that s =0 when =0 .

[7]
(3]

(3]

(5]



2

. 1
e. Hence, or otherwise, show that s = Eln g

Markscheme

attempt to separate the variables M1
[—dv=[-1dt Al

1+2?
arctanv = —t+k AlAl
Note: Do not penalize the lack of constant at this stage.

whent=0,v=1 Ml
= k =arctanl = <%) = (45°) Al
:>v:tan<§ —t) Al

[7 marks]

Alf

i
|

> €

l
e | 7

Note: Award A1 for general shape,
A1 for asymptote,
Al for correct ¢ and v intercept.

Note: Do not penalise if a larger domain is used.
[3 marks]
c. () T=% Al
(i) areaunder curve = fo% tan(% — t) dt (Ml)
—0347 (= ln2) a1
[3 marks]
d v= tan(% - t)
5= ftan(% - t)dt MI
I sin(-)
ER)

dt M)

AIAIAI

(4]



= lncos(% 7t> +k Al

whent =0, s =0
k:—lncos% Al

s = lncos(% — t) — Incos % (: ln[\/Qcos<§ - t)}) Al
[5 marks]
e. METHOD 1

% —t =arctanv MI

t = T —arctanv

s = ln[\/icos(% — % + arctanv)}

s=In [\/5 cos(arctan v)} MIiAl

. 1
s-ln[ﬂcos(arccos \/1+7>] Al
=In V2
o Vite?
=im- 2 4G

2 14202

METHOD 2

_ T
s = lncos(z —t) —lncosz

— ™ ™
= —lnsec(z —t) — Incos I M1

:—ln\/1+tan2 (%—t) —lncos% Ml

=—Inv1+v?—Incosy Al

o 1
7ln@+ln\/§ Al

1 2

METHOD 3
vl = 2~ 1 MI
[ z5dv=—[1ds MI

%ln(v2+1):—s+k Al
whens=0,t=0=v=1
=k=1n2 Al

1

_ 2

[4 marks]

Examiners report



. This proved to be the most challenging question in section B with only a very small number of candidates producing fully correct answers.
Many candidates did not realise that part (a) was a differential equation that needed to be solved using a method of separating the variables.
Without this, further progress with the question was difficult. For those who did succeed in part (a), parts (b) and (c) were relatively well done.
For the minority of candidates who attempted parts (d) and (e) only the best recognised the correct methods.

. This proved to be the most challenging question in section B with only a very small number of candidates producing fully correct answers.
Many candidates did not realise that part (a) was a differential equation that needed to be solved using a method of separating the variables.
Without this, further progress with the question was difficult. For those who did succeed in part (a), parts (b) and (c) were relatively well done.
For the minority of candidates who attempted parts (d) and (e) only the best recognised the correct methods.

. This proved to be the most challenging question in section B with only a very small number of candidates producing fully correct answers.
Many candidates did not realise that part (a) was a differential equation that needed to be solved using a method of separating the variables.
Without this, further progress with the question was difficult. For those who did succeed in part (a), parts (b) and (c) were relatively well done.
For the minority of candidates who attempted parts (d) and (e) only the best recognised the correct methods.

. This proved to be the most challenging question in section B with only a very small number of candidates producing fully correct answers.
Many candidates did not realise that part (a) was a differential equation that needed to be solved using a method of separating the variables.
Without this, further progress with the question was difficult. For those who did succeed in part (a), parts (b) and (c) were relatively well done.
For the minority of candidates who attempted parts (d) and (e) only the best recognised the correct methods.

. This proved to be the most challenging question in section B with only a very small number of candidates producing fully correct answers.
Many candidates did not realise that part (a) was a differential equation that needed to be solved using a method of separating the variables.
Without this, further progress with the question was difficult. For those who did succeed in part (a), parts (b) and (c) were relatively well done.

For the minority of candidates who attempted parts (d) and (¢) only the best recognised the correct methods.

The diagram shows the plan of an art gallery a metres wide. [AB] represents a doorway, leading to an exit corridor b metres wide. In order to
remove a painting from the art gallery, CD (denoted by L ) is measured for various values of o, as represented in the diagram.

C




a. If ais the angle between [CD] and the wall, show that L =

a

sina

+ -2 0<a<%.

cosa’

b. Ifa =5 and b = 1, find the maximum length of a painting that can be removed through this doorway.

c. Leta=3kandb=k.
Find $&.

d. Leta=3kand b=k.

Find, in terms of £, the maximum length of a painting that can be removed from the gallery through this doorway.

e. Leta=3kand b=k.

Find the minimum value of & if a painting 8 metres long is to be removed through this doorway.

Markscheme

a. L=CA+AD MI
sinazc;kéCA: 2 Al

sin v

cosa:%:>AD: b Al

cos

L=-"+ 4G

sin o Ccos

(3]

(4]

(3]

(6]

2]

[2 marks]
b.a=5andb=1=L = siia +ﬁ
METHOD 1
- J

(1042, 7773 )

(MI)
minimum from graph = L =7.77 (M1)Al
minimum of L gives the max length of the painting RI1

[4 marks]

METHOD 2

dL _ —5cosa sin v

da T sinla + cos2a (MI)
dL

A 0= swe — 5 tana = /5 (a = 1.0416...) (MI)

cos“ o
minimum of L gives the max length of the painting RI

> X



maximum length =7.77 Al

[4 marks]
dL —3k ksi :
c. L= T:‘:ra + 232 (orequivalent) MIAIAI
[3 marks]
dL _ —3kcos’a+ksin®a
d. da T sin”acos?a (AI)

I g e _ 3 o pang = Y3 (a=0.96454..) MIAI

da cos’a

tana = V3= —— = /1+v9 (1.755...) (4l)

V1499
= Tt (1216.) @D

30
L=3k (“ﬂjg‘/g) Y k1190 (L =5.405598..k) Al N4

and

[6 marks]

e. L<8=1k>148 MIiAl

the minimum value is 1.48
[2 marks]

Examiners report

a. Part (a) was very well done by most candidates. Parts (b), (¢) and (d) required a subtle balance between abstraction, differentiation skills and

use of GDC.

In part (b), although candidates were asked to justify their reasoning, very few candidates offered an explanation for the maximum. Therefore
most candidates did not earn the R1 mark in part (b). Also not as many candidates as anticipated used a graphical approach, preferring to use
the calculus with varying degrees of success. In part (c), some candidates calculated the derivatives of inverse trigonometric functions. Some
candidates had difficulty with parts (d) and (e). In part (d), some candidates erroneously used their alpha value from part (b). In part (d) many
candidates used GDC to calculate decimal values for a and L. The premature rounding of decimals led sometimes to inaccurate results.
Nevertheless many candidates got excellent results in this question.

b. Part (a) was very well done by most candidates. Parts (b), (c) and (d) required a subtle balance between abstraction, differentiation skills and

use of GDC.

In part (b), although candidates were asked to justify their reasoning, very few candidates offered an explanation for the maximum. Therefore
most candidates did not earn the R1 mark in part (b). Also not as many candidates as anticipated used a graphical approach, preferring to use
the calculus with varying degrees of success. In part (c), some candidates calculated the derivatives of inverse trigonometric functions. Some
candidates had difficulty with parts (d) and (e). In part (d), some candidates erroneously used their alpha value from part (b). In part (d) many
candidates used GDC to calculate decimal values for o and L. The premature rounding of decimals led sometimes to inaccurate results.
Nevertheless many candidates got excellent results in this question.

c. Part (a) was very well done by most candidates. Parts (b), (c) and (d) required a subtle balance between abstraction, differentiation skills and

use of GDC.

In part (b), although candidates were asked to justify their reasoning, very few candidates offered an explanation for the maximum. Therefore
most candidates did not earn the R1 mark in part (b). Also not as many candidates as anticipated used a graphical approach, preferring to use
the calculus with varying degrees of success. In part (c), some candidates calculated the derivatives of inverse trigonometric functions. Some
candidates had difficulty with parts (d) and (e). In part (d), some candidates erroneously used their alpha value from part (b). In part (d) many
candidates used GDC to calculate decimal values for o and L. The premature rounding of decimals led sometimes to inaccurate results.
Nevertheless many candidates got excellent results in this question.

d. Part (a) was very well done by most candidates. Parts (b), (c) and (d) required a subtle balance between abstraction, differentiation skills and

use of GDC.

In part (b), although candidates were asked to justify their reasoning, very few candidates offered an explanation for the maximum. Therefore
most candidates did not earn the R1 mark in part (b). Also not as many candidates as anticipated used a graphical approach, preferring to use
the calculus with varying degrees of success. In part (c), some candidates calculated the derivatives of inverse trigonometric functions. Some



candidates had difficulty with parts (d) and (e). In part (d), some candidates erroneously used their alpha value from part (b). In part (d) many
candidates used GDC to calculate decimal values for o and L. The premature rounding of decimals led sometimes to inaccurate results.
Nevertheless many candidates got excellent results in this question.

Part (a) was very well done by most candidates. Parts (b), (c) and (d) required a subtle balance between abstraction, differentiation skills and

use of GDC.

In part (b), although candidates were asked to justify their reasoning, very few candidates offered an explanation for the maximum. Therefore
most candidates did not earn the R1 mark in part (b). Also not as many candidates as anticipated used a graphical approach, preferring to use
the calculus with varying degrees of success. In part (c), some candidates calculated the derivatives of inverse trigonometric functions. Some
candidates had difficulty with parts (d) and (e). In part (d), some candidates erroneously used their alpha value from part (b). In part (d) many
candidates used GDC to calculate decimal values for a and L. The premature rounding of decimals led sometimes to inaccurate results.
Nevertheless many candidates got excellent results in this question.

Find the area of the region enclosed by the curves y = z® and z = y% — 3 .
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Examiners report

This question proved challenging to most candidates. Just a few candidates were able to calculate the exact area between curves. Those candidates
who tried to express the functions in terms x of instead of y showed better performances. Determining only v/ + 3 was a common error and
forming appropriate definite integrals above and below the x-axis proved difficult. Although many candidates attempted to sketch the graphs,
many found only one branch of the parabola and only one point of intersection; as the graph of the parabola was not complete, many candidates
did not know which area they were trying to find. Not many split the integral correctly to find areas that would add up to the result. Premature
rounding was usually seen and consequently final answers proved inaccurate.

Consider the graphs y = e *and y = e ®sindz , for0 < = < %ﬂ .

(a)  On the same set of axes draw, on graph paper, the graphs, for 0 < z < %’r. Use a scale of 1 cm to % on your z-axis and 5 cm to 1 unit on

your y-axis.

(b)  Show that the z-intercepts of the graph y = e * sin 4x are % ,n=0,1,2,3,4,5.

T

(¢) Find the z-coordinates of the points at which the graph of y = e~ sin 4z meets the graph of y = e™® . Give your answers in terms of 7.

(d) (1) Show that when the graph of y = e * sin 4z meets the graph of y = e™” , their gradients are equal.

(il)) Hence explain why these three meeting points are not local maxima of the graph y = e * sin4x .

(¢) (1) Determine the y-coordinates, y1 , y2 and y3, where y; > y2 > ys , of the local maxima of y = e ®sindz for 0 < z < 57: . You do not
need to show that they are maximum values, but the values should be simplified.

(1)  Show that y; , y2 and y3 form a geometric sequence and determine the common ratio 7 .

Markscheme
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Note: Award A1 for each correct shape,
A1 for correct relative position.

[3 marks]

(b) e *sin(dz)=0 (M)
sin(dz) =0 Al

4x =0, , 2w, 3w, 4w, b Al

2r 3w 4w

z=0,2, 2 3 I \(\frac{S\pi } {4})) AG

[3 marks]

(c) e *=e "sin(4z) = 0 or reference to graph
sinde =1, Ml
sindz = 1, fracn2, fracdn2, frac9n2 Al

z=2,27 % 41 N3

[3 marks]

(d () y=e "sindx

:_Z = —e Tsindx +4e Fcosdr MIAI

y=e

A3



dy
dz

=—e* Al
verifying equality of gradients at one point RI
verifying at the other two  R1

.. . d; . .
ii) since <2 # 0 at these points they cannot be local maxima RI
P p y

[6 marks]

(¢) (i) maximum wheny' =4e “cosdr —e “sindr =0 Ml

arctan(4) arctan(4)+7 arctan(4)+27

T = > 1 , 1 )

maxima occur at

arctan(4)  arctan(4)+2m  arctan(4)+4m
T = YR 1 , 7 Al

SOy = e larctan(4)) sin(arctan(4)) (= 0.696) A1
—L(arctan(4)+2r)

Yyp=e 1 sin(arctan(4) + 27) Al

(: ¢ (erctan(4)+27) sin(arctan(4)) = 0.145>

ys = e~ alerctan(d)+4m) sin(arctan(4) + 4m) Al
(= e S(metmnld)t4 gin arctan(4)) = 0.0301) N3
(i) for finding and comparing % and Z—f M1
r=e 2 Al
Note: Exact values must be used to gain the M1 and the A1.

[7 marks|

Total [22 marks]

Examiners report

Although the final question on the paper it had parts accessible even to the weakest candidates. The vast majority of candidates earned marks on
part (a), although some graphs were rather scruffy. Many candidates also tackled parts (b), (c) and (d). In part (b), however, as the answer was
given, it should have been clear that some working was required rather than reference to a graph, which often had no scale indicated. In part d(i),
although the functions were usually differentiated correctly, it was often the case that only one point was checked for the equality of the gradients.
In part e(i) many candidates who got this far were able to determine the y-coordinates of the local maxima numerically using a GDC, and that was

given credit. Only the exact values, however, could be used in part e(ii).






